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Abstract

Nowadays, ionospheric phenomena can be monitored globally from data of various satellite missions with an
unprecedented accuracy. In many applications, like modeling the equatorial anomaly, regional processes are
of special interest. To study regional phenomena multi-dimensional mathematical tools may be applied. In
this report a regional multi-dimensional representation based on quadratic B-splines is derived and applied to
spatio-temporal data sets.

At first the theory of a multiscale analysis is introduced, i.e. the decomposition of signals into a smoother
version and a number of detail signals for the 1-dimensional case. To develop a multiscale analysis we introduce
B-splines as scaling functions. The corresponding base functions, i.e. the B-spline wavelets can be computed
via the so-called two-scale relations from the scaling functions. Series coefficients of the B-spline expansion can
be computed by evaluating inner products using the dual base functions or by applying parameter estimation
procedures. To generalize a 1-dimensional B-spline representation to the multi-dimensional case tensor product
techniques are used. A data compression algorithm is derived from the multiscale analysis, i.e. we gain a tool
to handle huge digital data sets.

In our applications we decompose ionospheric functions, e.g. the electron density or the vertical total electron
content, into a reference part and an unknown correction term. We apply our approach regionally to the
correction term, i.e. we expand it in a multi-dimensional series expansion in terms of B-splines. Since our
observations are located rather unbalanced with respect to space and time finer structures are modelable only
in regions with a sufficient number of observation sites. The multiscale analysis derived from the wavelet analysis
allows monitoring the ionospheric signals at different resolution levels.



Zusammenfassung

Tonosphérische Phénomene konnen heutzutage mit Hilfe moderner Satellitenmissionen mit hoher Genauigkeit
global beobachtet werden. In vielen Anwendungen, wie zum Beispiel der Erforschung und Modellierung der
dquatorialen Anomalie, sind indes regionale Vorgéinge von besonderem Interesse. Zur Untersuchung des raum-
zeitlichen Verhaltens derartiger regionaler Phinomene lassen sich verschiedene mehr-dimensionale mathema-
tische Methoden nutzen. In dieser Arbeit wird eine regionale mehr-dimensionale Darstellung basierend auf
quadratischen B-splines entwickelt und auf raum-zeitliche Datenséitze angewandt.

Die Theorie der Multiskalen-Analyse, d.h. die Zerlegung eines Signals in eine geglittete Version und in eine
bestimmte Anzahl von Detailsignalen, wird zunéchst fiir den 1-dimensionalen Fall betrachtet. Die quadratischen
B-Splines werden dabei als Skalierungsfunktionen der Multiskalen-Analyse eingefiithrt. Die dazugehérigen Ba-
sisfunktionen der Detailsignale, d.h. die B-spline Wavelets, kénnen mit Hilfe der sogenannten Zwei-Skalen-
Gleichungen aus den Skalierungsfunktionen berechnet werden. Die Reihenkoeffizienten der B-Spline-Entwicklun-
gen kann man aus der Auswertung von Skalarprodukten, die die dualen Basisfunktionen enthalten, oder durch
die Anwendung von Methoden der Parameterschitzung bestimmen. Um die ein-dimensionale Modellierung zu
einer mehr-dimensionalen Modellierung zu verallgemeinern, wird in dieser Arbeit die Tensorproduktdarstellung
genutzt. Die Multiskalen-Analyse liefert zudem einen duflerst effizienten Algorithmus zur Datenkompression,
d.h. wir erhalten ein hervorragend geeignetes Verfahren zur Behandlung von sehr grofien digitalen Datensétzen.

In den in dieser Arbeit vorgestellten Anwendungen werden ionosphérische Funktionen, z.B. die Elektronendichte
oder der vertikale absolute Elektroneninhalt (engl.: vertical total electron content), in einen Referenzteil und
einen unbekannten Korrekturterm zerlegt. Letzterer wird regional als mehr-dimensionale Reihe in B-Splines
entwickelt. Da die Beobachtungen i.Allg. jedoch sowohl rdumlich als auch zeitlich unregelméflig verteilt sind,
kann man feine ionosphérische Strukturen nur in Regionen mit einer geniigend groffen Anzahl von Beobach-
tungsstationen modellieren. Die Multiskalen-Analyse, die man aus der Wavelet- Analyse ableitet, bedeutet dabei
eine Moglichkeit ionosphérische Signale in verschiedenen Auflosungsstufen zu betrachten.



Preface

Nowadays, satellite systems have become almost indispensable in everyday life, e.g.
for navigation and telecommunication. The ionosphere is defined as a thick shell of
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point in correcting electromagnetic satellite measurements for ionospheric disturbances
is the knowledge of the electron density. Hence, ionosphere modelling constitutes a very
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Chapter 1

Introduction

Since the beginning of the 1980s, the subject of ”wavelet analysis” has drawn much attention from both, the
mathematicians and the engineers. Particularly in geophysical problems engineers detect that the application
of the classical methods, e.g., the Fourier transform or the Gabor transform, yields not in all cases satisfying
results. Detailed introductions to the wavelet analysis can, e.g., be found in LoUIS ET AL. (1997) or CHUI (1992).

If we apply the Fourier analysis, for instance, the method describes the input signal in terms of frequency com-
ponents. Fourier analysis is able to pick out the exact frequencies but it is unable to detect time-dependencies,
i.e. it does not yield satisfying results for signals with time-varying amplitudes, phases and/or frequencies.
There have been developed various methods such as the ”windowed Fourier transform” to increase the appli-
cability. Although these methods have achieved some success, they suffer from other deficiencies. Windowed
transforms can localize simultaneously in time and in frequency, but the localization property in each dimen-
sion remains fixed. Only a narrow time window is needed to examine the high-frequency content while wide
windows allow the investigation of low-frequency components. The most important advantage of the wavelet
theory over the other methods is the time-frequency localization, since the localization in time and frequency
is adapted automatically. With this property of wavelets an efficient representation and analysis of functions
with discontinuities in derivatives, sharp spikes and discontinuities of the function itself is also possible. Thus,
wavelet methods are useful in signal representation for a much broader class of functions; see OGDEN (1997).

Wavelets are intrinsically connected to the principle of a multiscale analysis (MSA). Similar to a microscope, with
the MSA we can examine signals under different resolutions, i.e. levels. For lower level we can filter out coarse
structures of the signal, while for higher levels we can examine the finer structures of the signal. This is called a
”zoom-in, zoom-out” property. The MSA using wavelets is the analogon to the frequency analysis using Fourier
decomposition. Basically, with the MSA it is possible to examine the features of a signal of any size by adjust-
ing the level parameter - also called scaling parameter - in the analysis; see OGDEN (1997) and SCHMIDT (2001).

The focus of application of the wavelet analysis in geodetic problems is the adapted time-frequency localization,
because, in general, phenomena with time- and space-dependent frequencies are investigated. Examples are
the determination of the gravity field of the Earth as an application in physical geodesy or the analysis of the
content of a digital image as an application in photogrammetry.

Nowadays, data from various satellite missions can be used to study geophysical phenomena globally, e.g. in
climatology or oceanography. However, in many applications regional processes are of special interest, such
as the ionospheric equatorial anomaly in space weather physics or sea level change in regions of post glacier
rebound. In such cases appropriate multi-dimensional regional mathematical tools have to be chosen.

Global geophysical signals are traditionally represented by spherical harmonic expansions. For regional investi-
gations, however, compactly supported base functions are more appropriate. The MSA is an appropriate tool
for the consideration of huge data sets of modern measurement systems because its basic feature is to split a
given input signal into a smoothed version of a specific resolution level and a certain number of detail signals
by successive low-pass filtering. Each detail signal represents a band-passed filtered version of the input signal,
related to a specific frequency band (resolution level). The higher the resolution level, the finer the detected
structures. Since observations are frequently located rather unbalanced, finer structures of the signal under
investigation are modelable just in regions with a sufficient number of observations.
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As there are many applications of the Global Navigation Satellite Systems (GNSS), such as the Global Position-
ing System (GPS), the study of the most important effects on radio signal propagation has become more and
more important. One of the main effects is caused by the ionosphere, i.e. the ionized layer of the atmosphere; it
causes a delay in the electromagnetic signals that journey through the layer. The ionization of several molecular
species in this layer is caused by the ultraviolet and X radiation emitted by the Sun. The maximal ionization
in general takes place in a height of 200 to 400 km. The number of electrons is considered to be approximately
equal to the ions. Hence there is the maximum of the electron density in these heights. Since the ionization
depends on the activity of the Sun, there are diurnal variations. In this report, we consider the ionosphere to
be a layer from 100 km to 1200 km height above the Earth. In the literature there can be found various height
values. For more details see, e.g., GARCIA-FERNANDEZ (2004).

In the 1-dimensional case a signal given within a finite time interval, can be modeled appropriately, for instance,
by a series expansion in terms of endpoint-interpolating quadratic B-splines; for more details see e.g. STOLLNITZ
ET AL. (1995). Furthermore, B-splines can favorable be used as scaling functions to establish a MSA. The corre-
sponding base functions, i.e. the B-spline wavelet functions are computable via the so-called two-scale relations
from the scaling functions. The series coefficients of the B-spline expansion can be computed by evaluating inner
products using the dual base functions or by applying parameter estimation procedures, e.g. the least-squares
method. That way data gaps can be handled appropriately by prior information. Data compression (reduction)
and de-noising techniques can be applied; see e.g. SCHMIDT ET AL. (2007b).

Tensor-product techniques are used to generalize the 1-dimensional B-spline representation to the multi-dimen-
sional case. The 2-dimensional approach, well-known in digital image processing can, e.g., also be applied to
model ionospheric signals given on spherical regions. Spatial density distributions, such as the ionospheric elec-
tron density are examples for a 3-dimensional representation. Temporal variations of such a density distribution
can be modeled as a 4-dimensional approach by introducing a fourth B-spline expansion for the time variable;
for more details see, e.g., LYCHE AND SCHUMAKER (2001) and SCHMIDT ET AL. (2007b).

As already mentioned before GPS has become a promising tool for monitoring the electron density of the iono-
sphere in the last years. To determine the slant total electron content (STEC), i.e. the integral of the electron
density along the ray-path between the transmitting satellite and the receiver, dual-frequency GPS observations
can be used. By considering measurements from space-borne GPS receivers flying on low-Earth-orbiting (LEO)
satellites such as the COSMIC/FORMOSAT-3 (Counstellation Observing System for Meteorology, Ionosphere
and Climate/Taiwan’s FORMOsa SATellite Mission #3) six satellite constellation mission, CHAMP (CHAI-
lenging Minisatellite Payload) or GRACE (Gravity Recovery And Climate Experiment) the insensitivity of
ground-based GPS observations to the radial geometry of the ionosphere can be overcome. For more details
on these satellite missions see, e.g. ROCKEN ET AL. (2000), REIGBER ET AL. (2000) or BEYERLE ET AL. (2005).

Various approaches can be used to establish a multi-dimensional model of the electron density. R1US ET AL.
(1997), for instance, combine GPS occultation data with ground-based GPS data to perform 4-dimensional
ionospheric tomography with a substantial level of vertical resolution. Cells of constant electron density with
a size adapted to the resolution of terrestrial data are used by HERNANDEZ-PAJARES ET AL. (1999). GARCiA-
FERNANDEZ (2004) presents an overview about various techniques for modeling the electron density is given.
A model built by a combination of ground-based and space-based measurements can be found in DETTMERING
(2003). In contrast to tomographic models it includes theoretical assumptions about the vertical structure of
the ionosphere.

It is always common to subtract a reference model (background model) from the input data and to work with
the residual data. In this report we use the International Reference Ionosphere (IRI) as reference model and
we model corrections to the reference model. The IRI is an international project developed and improved by
the Committee On SPAce Research (COSPAR) and the International Union of Radio Science (URSI). In the
late sixties a working group produced an empirical standard model of the ionosphere, based on all available
data sources. Several improved editions of the model have been released from 1969 to present. For given
location and time IRI describes, e.g., the electron density, electron temperature, ion temperature, and ion
composition in the altitude range from about 50 km to about 2000 km; and also the electron content (see:
http://modelweb.gsfc.nasa.gov/ionos/iri.html). For more details on the IRI see BILITZA (2001).

In this report a regional multi-dimensional representation based on quadratic B-splines is derived and applied
to spatio-temporal ionospheric data sets. The report is organized as follows: In chapter 2 the theory is intro-
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duced. In section 2.1 the definition of the 1-dimensional MSA is given. First the scaling functions and the
scaling spaces are defined, then we introduce the detail spaces and prove the existence of orthogonal wavelets
that span the detail spaces. We establish the two-scale relations wherein the two-scale coefficients play an
important role. Later we generalize the concept to semiorthogonal wavelets and derive decomposition rela-
tions and a reconstruction procedure. Via the decomposition relations we perform a decomposition of a signal
into a smoothed signal and a number of corresponding detail signals; from the smoothed signal and the cor-
responding details signals we can reconstruct the original signal via the reconstruction relation. In section 2.2
we introduce B-splines and give some properties of these functions. In section 2.3 the theory of the MSA is
applied to the B-spline functions, i.e. we use the B-splines as scaling functions and construct semiorthogonal
wavelet functions. With the two-scale coeflicients we gain the decomposition and the reconstruction relations for
the B-spline model. Finally in section 2.4 we extend the 1-dimensional B-spline model to the n-dimensional case.

Chapter 3 covers several applications. Section 3.1 gives an overview of ionospheric observations. We will
consider the STEC from GPS, the electron density from occultation measurements, the vertical total electron
content (VTEC) from altimetry and terrestrial measurements. The different options of our B-spline approach
are repeated and summarized in section 3.2. In section 3.3 we study the evaluation of the observations in
detail. In section 3.3.1 a simple application is considered: we model the electron density from IRI with our
B-spline approach. Section 3.3.2 covers a more complicated application: we model the STEC for simulated
GPS observations. The last application in section 3.3.3 is similar to the first application, but here we model
the VTEC derived from COSMIC observations. The combination of different types of input data is treated in
section 3.4.
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Chapter 2

Theory

2.1 Multiscale analysis

In this first section we introduce the concept of a multiscale analysis and we gain the first two-scale relation;
all the theory can be found in Louis ET AL. (1997), we made some changes in the notations.

For our investigations we will use the translated and dilated versions of a function ¢ € L?(R) as basis functions,
these functions are defined in the following definition.

Definition 2.1. The translated and dilated versions of a function ¢ € L*(R) are defined via
bjn(x) = 2929(2P 2z — k) j, k € Z.
Definition 2.2. The sequence space 12(Z) is defined as

P(2) = {(uiiez | Y |uif® < 00}

i€Z
wherein u; € C.

2.1.1 Scaling functions and scaling spaces

Definition 2.3. A multiscale analysis (MSA) of L*(R) is an increasing sequence of closed subspaces V; of
L?(R) fulfilling the following properties:

{0}...cVicVycVicC...Cc L*R) (2.1)
L*(R)

Uv =r'® (2.2)

JEZ

1 Vi=1{0} (2.3)

JEZ

flx)eV;, & f(279z) eV, jEZ. (2.4)

Definition 2.4. A function ¢ € L*(R) is called a scaling function, if the so-called scaling spaces V; :=

2
span{o; i | k € Z}L ® with bix(r) =2/20(2x — k) (i.e. V; are the closed subspaces generated by the trans-
lated and dilated versions of ¢) satisfy the conditions (2.1),(2.2) and (2.4). Moreover the translates ¢p(x — k),
k € Z, must form a Riesz-basis of Vp, i.e.

2
Vo = spanfa( —k) | k€ Z) (2.5)
and
AZci <| ch O = k)| 72w < BZC% (2.6)
keZ keZ keZ

for all {cx}rez € 12(Z); where A and B are positive constants.
We say the scaling function ¢ generates a MSA {V;}jez of L*(R).
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Remarks:

e Conditions (2.1) and (2.2) are satisfied by many families {V}};ez. Property (2.4) is the special feature of
a MSA: all the spaces V; are scaled versions of the central space Vj, which is spanned by the translations
of the scaling function ¢.

For j — oo the spaces V; contain the smaller structures, for j — —oo the functions in V; are dilated, i.e.
their details are coarser. We can state this more precisely with the limits

Jim P f = fll2) = 0 and
Jim 1P fll 22wy = 0

wherein P; denotes the orthogonal projector onto V.

e If a scaling function ¢ € L?(R) generates a MSA {V;};ecz of L?(R), then the sequence of nested subspaces
necessarily satisfies the property (2.3); see CHUI (1992), p. 121.

e The relation (2.5) implies V; is invariant under integer translation
fevve f(-—k) eV for k € Z;
with (2.4) it follows that

fevie f(-—-277k) eV, for k€ Z

e The functions ¢;; all have the same L*-norm ||¢; x|l 2r) = [|¢|| £2(r)-

o If ¢ox, k € Z, form a Riesz basis of Vj then it follows, that ¢, ., & € Z, forms a Riesz basis of V; for a
J € Z with the same Riesz bounds A and B; see CHUT (1992).

Lemma 2.5. The scaling function ¢ satisfies a scaling equation, i.e. there is a sequence {py trez € 12(Z) with

¢(x) = V2 pro(2x —k), z€R. (2.7)

keZ

This equation is called first two-scale relation or refinement equation.

L*(R
Proof: Equation (2.7) follows from ¢ € Vy C Vi = span{2'/2¢(2z — k) | k € Z} ( ); see e.g. CHUI (1992). O

2.1.2 Wavelet functions and detail spaces

In this section we give the definition of the detail spaces and we will introduce the second two-scale relation.
Here we restrict our investigations to orthogonal spaces, but in section 2.1.3 we will consider the more general
concepts of biorthogonal and semiorthogonal spaces for more flexibility.

Definition 2.6. For every j € Z we define the orthogonal detail space W;_; to be the orthogonal complement
of Vi_1 in'Vj, i.e.

Vi=Vica @ W, Vion L Wi (2.8)
and the operators P; and Q; to be the orthogonal projectors of L*(R) on V; and W, respectively,

P; =P 1+Qj-1. (2.9)
From (2.8) it follows

V= @ Wi, (2.10)

i<j—1
where all these subspaces are orthogonal and so

L*(R) = P Wi (2.11)

S/
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The spaces W, inherit the scaling property of V; (see equation (2.4))
flx)eW,; & f(277z) e Wy, j€Z
According to equations (2.11) and (2.10) a function f € L*(R) can be decomposed

F=YQif= > Qif+>_Qif (2.12)

€L i<j—1 2]

:ij+ZQif. (2.13)

1=y

This equality justifies the name MSA. P; f represents f on scale j, which corresponds to an application of a low
pass filter that has an increasing bandwidth for increasing j. The remaining high-frequency part of f is split
up into its frequency bands Q;f, j < i < 00, so Q;f only contains the details which distinguish P, f from
Pif, Q; = P41 — P;, see equation (2.9). Because of the uniqueness of the orthogonal projection and equation
(2.10) we have 3, ; Q; = Pj; see LOUIS ET AL. (1997).

The decompositions of signals f; € V; will be of importance and will appear later.

Now we will give the definition of a wavelet.

Definition 2.7. A function v € L*(R) which satisfies the admissibility condition

0<cyi= 27T/R |w|(:}|)|2dw <0 (2.14)

is called a wavelet.
Let 1 1(x) = 21/24p(20x — k), j, k € Z, be the translated and dilated versions of 1.
A wavelet 1) is called an orthogonal wavelet (in fact the wavelet is even orthonormal) if

<wj,k7 wi,l>L2(R) = 5j,i 5k,l7 jaia k7l € Z.

An immediate consequence of the admissibility condition is the following: for a wavelet ¢» € L'(R): if ¥ € L'(R)
then 1) is continuous. The equation (2.14) can then only be fulfilled if ¢)(0) = 0 and we get the property

/Rw(x)d:v —0 (2.15)

see e.g. DAUBECHIES (1992). The name wavelet comes from equation (2.15), it means ”small wave”.

Now we want to prove the main result of this chapter:

Theorem 2.8. To every MSA there exists a wavelet ¥ whose translated and dilated versions
Vi) =229z — k) j kel

generate an orthonormal basis (ONB) of the space W; for fizred j € Z. Further the wavelet can be explicitly
constructed from the scaling function.

We first state the analogon to Lemma 2.5 for the wavelets.

Lemma 2.9. A wavelet function 1 whose translated and dilated versions o i, k € Z generate the detail space
W satisfies a scaling equation, i.e. there is a sequence {qi}rez € 1>(Z) with

() =vV2> qud2r—k), v ER. (2.16)

keZ

This equation is the analogon to equation (2.7) and is also called second two-scale relation or refinement
equation.

L*(R
Proof: Equation (2.16) follows from ¢ € Wy C Vi = span{2'/2¢(2z — k) | k € Z} ( ); see e.g. CHUI (1992).
|
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We now want to prove Theorem 2.8. First we give an overview of the proof:

We state that for every scaling function ¢ there
ONB of V; (Theorem 2.11).

2.15).
4,

exists a function ¢Z s.t. the translates q~507k generate an

We prove that under special assumptions a function ¢ € L?(R) generates a MSA of L?(R) (Theorem 2.13).

We prove that to an orthogonal scaling function that generates a MSA there exists a wavelet ¢ (Theorem

The results of the Theorems 2.11, 2.13 and 2.15 prove Theorem 2.8.

Definition 2.10. A scaling function ¢ € L*(R) generates an orthonormal system in Vo if {¢ox | k € Z} is an

orthonormal system, 1i.e.

((- = k), (- —n))L2(r) = Ok.n-

(2.17)

If the scaling function ¢ of a MSA does not generate an ONB of Vj we can orthogonalize the basis {¢o 1 | k € Z}

in the following sense.

Theorem 2.11. Let ¢ € L?(R) be a scaling function and let positive constants A and B exist, where

A< Z |p(w + 27n)|? < Ba.e.
neL

Then {¢(x — k) | k € Z} is an ONB of Vi with

1 p(w)

b(w) = A .
V2T /5 ea 0w + 2mn)2

(w)

Proof: See Louls ET AL. (1997).

Remark:

(2.18)

(2.19)

To each scaling function ¢ Theorem 2.11 guarantees the existence of a scaling function ¢ such that

bjn(r) =222z — k), z€R, j,keZ

generates an ONB of Vj.

The spaces {V;};ez form a MSA if and only if they span the entire space L*(R), i.e. if UjeZ V;

or equivalent, if for f € L?(R)
Jim (1B f = fllz2e) =0
with

Pif= Z<f7 Gj ) 12(R)Djok

keZ

the orthogonal projection on V;.

L*®)

L*(R)

(2.20)

For the proof of theorem 2.13 we will use the following;:

Theorem 2.12 (Pythagorean theorem). Let {x1,x2,
product space V. Then for all x € V,

n

Z(xk, x)zg |

k=1

2l = > Ik, @) + |l =
k=1

Proof. See REED AND SIMON (1980).

..y Zn} be an orthonormal system (ONS) in an inner

(2.21)
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Theorem 2.13. Let a function ¢ € L*(R) N LY (R) be given that satisfies equation (2.18) and has a mon-zero
mean value

/ $(w)dz = V21(0) > 0. (2.22)
R
Further let

o(27k) = 0 for all k € Z\{0} (2.23)

Then the spaces

L2 (]R)

V; = span{¢; i | k € Z} JjE€Z, (2.24)

give an MSA of L*(R).

Proof: As we proved in theorem 2.11 we can orthogonalize ¢. The calculated functions gz~5 fulfill

/ S(a)de = VaIre(0) 2? var. 12 : 4(0) 223 40 _, (2.25)
R s

Y ez [9(2mn) 2 V16(0)2

For simplification of the notation we set ¢ = ¢ in the following. We mentioned before that we have to show

——L*(R
Ujez Vi ® - L?(R) or equivalent the convergence (2.20) on a dense subset of L?(R). As a candidate for the
dense subspace we choose the set

B={gc L'(R) | g € C>(R),§ has compact support}

and verify (2.20) for f € B (We will not show that the set B is a dense subset in L*(R), but this set is used
in Louls ET AL. (1997)). Let the support of f be contained in [—2"7, 2™7].
We get the equation

(2.21)

I1P;f — fl\%z(m 1 1Z 2wy = D s S 2w

keZ

(B.6) and (B.7) ;4
1 1Z2my = D 1 died e .

kEZ
The scalar products
2"

(f' djr)r2r) = / F(w)dj1(w)dw

—ong

n

:2j/2/ ! Fw)d(Pw — k)dw

—2n7

2" . .
o [ et g e

—2n7

2" )
=279/ / fw)e™ @ p(2-iw)dw

2—J—1 j
=27/ / 2 Jw) k2w q,
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are /27-multiples of the Fourier coefficients of the product f(w)$(2-iw) with respect to the ONB
{2791 /meR2™’w | k € Z} of L?([—277,2/x]). Since L*([—2"n,2"x]) C L?([~277,277]) for j > n it holds

PN A. N -
SO bidnae 2 D om0 12w

kEZ

and

1P f = FliZaqey = 1 F1Z2m) — 200/ ()02 )1 ).

¢ € L'(R), hence ¢ is continuous. f has compact support and it is ¢(0) = 1/v/27 (compare equation (2.25)).

Therefore 27r|\f(-)q3(2*j-)|\%2(R) converges to ||f||%2(R) for j — oo, and it follows that

T 1P 1) =O.

Lemma 2.14. The coefficients of the two-scale relation (2.7) for an orthogonal scaling function satisfy the
orthogonality relation:

> pePrima; = 00,5 (2.26)
kez
Proof: See Louis ET AL. (1997). O

Theorem 2.15. Let {V;}jez be an MSA generated by the orthogonal scaling function ¢ € Vy. The function
¥ € Vi, defined by the two-scale relation (2.16), i.e.

() =vV2D g o2 —k) = qrd1x(2), (2.27)
keZ keZ
g = (=1)* i, (2.28)

where {px}rez are the coefficients of the scaling equation (2.7), has the following properties
(i) {jx(-) =27/29(27 - —k) | k € Z} is an ONB for W,
(i) {1 (-) | 4,k € Z} is an ONB for L*(R),
(i) 1 is a wavelet with ¢, =27 [ || (w)Pdw = 2102, i.e. o fulfills the admissibility condition (2.14).

Remark:

For the proof we will use the following: To prove that {f, | n € Z} is an ONB of our scaling space V; =
{span¢; i | k € Z}, j € Z, it is sufficient to show the representability of ¢; ¢ in this basis. Because if ¢; () =
(27 x) =3 cn(dio(-), ful-)) L2 (®) fn(x) holds it follows that

$ik(x) = 027 2 —k) = djo0(r—157) = X,c2(95.0(), Fa()) L2(w) fu(z — 55), k € Z and it follows that ¢, (x) € V;
ke Z.

Proof: In the first part we show that ¥ € Wy C V4. From (2.27) it is obvious that ¢ € V; and it follows that
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Yo, € V1, k € Z. Hence it remains to show that ¢ L ¢g,,, n € Z:

(W), o —n)) 2w = 22 Z QG DPL(P(2 —k),d(2 - —2n — 1)) 12w

kEZ L€
= Z Z Gk P Ok 20+l = Z Q2n+1P1
kEZ IEL =7
2.28) —
= > (=D
lez

= Zpl—2(n+l) P21 — Zp—2(n+l) D211
leZ leZ

= ZP1+2/\ P—2(x4n) — prz(n+z)p2z+1
NEZ l€Z

=0.

The orthogonality of the g, for all k € Z to the space Vy follows easily by (¢(- — k), ¢(- — n))r2m) =
(W(-),d(- + k —n)) 2@y = 0. It follows 1o € Wp.

The orthogonality of the family {¢(- — k) | k € Z} can be proven by a similar calculation using (2.26).

To complete the proof for (i) and (ii) it remains to show the completeness of {¢)(- — k) | k € Z} in W,. We show
the completeness of the orthonormal system {¢(- — k), (- — k) | k € Z} in Vi, as Vy & Wy = V4. Tt is sufficient
to show the representability of ¢1,0 by {¢(- — k), (- — k) | kK € Z} (compare the previous remark): we want to
check equation (2.21) and therefore we calculate the sum of the coefficients of the orthogonal projection:

Z (d1.0(-), 6 — K)oy + {dr,0(), ¥ (- — K)oyl

kEZ

QZ [{(2-), 9(- — k))Lz(R)|2 + [{p(2:),¥(- — k)>L2(R)|2 inserting equations (2.7) and (2.27)
keZ

=4y (I D oB(A(2), (2 =2k = 1) 2y [* + | DT ((2-), G2 - =2k — l)>L2(R)|2>

kEZ leZ leZ

2.28) and (2.17
(5:26) and (220 > (l > Bidoarsl’ +1> (1) pi 50,2k+l|2>

kEZ \ I€Z lez
= Z P2k |” + Z P2k |* = Z pi|®
keZ keZ keZ
= Zpkp_k
keZ
(2.26)
=71 = |lo10l2m)-

Inserting the result in (2.21) it follows

g0 = > ((D1.0(); G0k ())Po.k + (D1.0, %ok () C0.k) lL2(r) = O.

kEZ

Hence v 1, k € Z, form an ONB for Wj.

We still have to show that ¢, 1, k € Z, form an ONB for W}, j € Z but this follows analogous to the case j = 0
by a simple substitution of the coordinates. We will not repeat the proof here.

Part (ii) follows with equation (2.11).

Part (iii) follows with some properties on wavelet frames we will not discuss here. For more details see LouIls
ET AL. (1997). O

Corollary 2.16. The wavelet associated with a MSA is not unique, because

o= (-1)*"pia % foranl € Z (2.29)
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defines also a wavelet by (2.27), i.e. Theorem 2.15 also applies if (2.28) is replaced by (2.29).

Proof: For the proof there have to be made some changes in the proof of Theorem 2.15 and it will not be
repeated here. O

Now we want to give a short overview of the results on MSAs and wavelet bases. We can us an arbitrary
function with non-zero mean value and satisfying the assumptions of Theorem 2.13 to generate a MSA. By
calculating the two-scale coefficients in equation (2.7) we gain orthogonal wavelets with the equations (2.28) or
(2.29). The crux of this method is the orthogonalization of the scaling function from Theorem 2.11. Apart from
a few exceptions we cannot determine the orthogonal scaling function o.

Suppose we could determine the orthogonal scaling function, then another difficulty is the determination of the
coefficients py from the scaling equation. If the scaling function QNS has not compact support, then the sum (2.7)

extends over Z and we have to calculate infinitely many coefficients. Because the orthogonal scaling function ¢
is implicitly defined by its Fourier transform, this dilemma becomes the general rule; see Louis ET AL. (1997).

2.1.3 Two-scale relations

In chapter 2.1.2 we already mentioned that we will work with more general concepts than the orthogonal
wavelets. The orthogonality puts a strong limitation on the construction of wavelets and we cannot achieve
some properties that would be desirable.

Some important properties of wavelets are generally

e orthogonality

e compact support

e rational coefficients

e symmetry

e smoothness

e number of vanishing moments of the dual wavelets
e analytic expressions

e interpolation.

For more details on the advantages of these properties and for examples of wavelets fulfilling some of these
properties see JAWERTH AND SWELDENS (1994).

Of course it is not possible to construct wavelets that have all the properties and there has to be a trade-off be-
tween them. For example the Daubechies wavelets are compactly supported and orthogonal; see e.g. JAWERTH
AND SWELDENS (1994). Hence to gain more of the properties, e.g. symmetry and smoothness, we introduce a
more flexible concept for constructing wavelets, i.e. we here introduce biorthogonal and semiorthogonal wavelets.

For simplification we will finally restrict ourself to the semiorthogonal wavelets because for the B-splines which
we will use in section 2.3.1 as scaling functions we will construct semiorthogonal wavelets.

Definition 2.17. Given a scaling function ¢ and a dual scaling function ¢ (dual in the sense of (¢ 1, (l;j,l>L2(R) =
Or.1) generating two MSAs

L.CcVWycWhccWC...

.CVocVicVacC ...

‘ L*(R) . = L?(R) .
with subspaces V; = span{;r | k € Z} and V; = span{o; | k € Z} , respectively.
As in the orthogonal case, each of these sequences of scaling spaces has a sequence of successive detail spaces
{W;}jez and {W;}jez but they are not necessarily orthogonal to V; and Vj, respectively (i.e. Vi1 = V;+W; but
the sum is no longer a direct sum). These detail spaces are generated by two wavelet functions 1 and ¥, which
are dual to one another (in the sense of <¢j,ka'¢/~1i,l>L2(R) = 0;,i0k1). The biorthogonality is expressed through
relationships between the dual MSAs:

V; LW, jEL (2.30)
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and
V; LW; jEZ. (2.31)

In terms of scaling and wavelet functions the biorthogonality (2.30) and (2.31) is expressed as

<¢],ku ¢J) >L2 =0 and <¢],k7 "/J], >L2 =0 (232)
and the duality is expressed as
(i, D) L2y = Okt and (D, Vit)r2my = 05, Oty 4,5, K, 1 € Z. (2.33)

A wavelet 1 is called a biorthogonal wavelet if it satisfies the conditions (2.32) and (2.33). Note, nothing is
said about the orthogonality of the functions {¢;r}, {djk}, {¥jr} and {1} themselves (see OGDEN (1997)).

The semiorthogonal concept is a restriction of the biorthogonal concept and is defined in the following:

Definition 2.18. A biorthogonal wavelet function 1 is called a semiorthogonal wavelet if it satisfies the following
concept: Associated with ¢ and ¢ are the dual functions ¢ and 1. The functions {t;r | k € Z} form a Riesz
basis for the detail space Wy, and just as in the orthogonal wavelet case,

Vi LWj,j €L

Thus the W; spaces are mutually orthogonal. In this formulation, both {¢; | k € Z} and {bjr | kEZ} are
Riesz bases for the spaces V;; similarly, {1; | k € Z} and {1;x | k € Z} are Riesz bases for W; (i.e. W; = W;
and V; = Vj).

Remarks:

e The dual MSA is not necessarily the same as the one generated by the original basis functions.

e The biorthogonal wavelets are more flexible than the orthogonal wavelets, hence we get less limitations
on the construction of wavelets. An orthogonal wavelet is ”self-dual” in the sense that 1, = v, for
J, k € Z. Hence it fulfills of course the biorthogonal concept.

e The role of the basis (i.e. the ¢ and ) and the dual basis (i.e. the ¢ and 1) can be interchanged.

e We consider here the semiorthogonal wavelets because in our applications we apply normalized endpoint
interpolating B-splines which have semiorthogonal wavelets.

Here we will not consider the existence of dual functions (;3 and 1/3 generating the dual bases gZ;J r and 1/33 k. But
for a proof of the existence of the dual functions see CHUI (1992), p. 77. Note, in the more general concepts
there may exist dual bases z/J] r that are not generated by a function 1/1

Due to the last item we suppose to have scaling functions ¢ and ¢ and wavelet functions ¢ and ¢ that fulfill
the concept of Definition 2.18. Note, we could also work with the more general concept of biorthogonal spaces
but for simplification we will not use this concept and can therefore work without the dual spaces V; and W;.

The functions ¢;j and ¢; both span the space V; and are orthonormal to each other (i.e. (¢;x,dj1) = Ox1).
Then for every function f € V; there exist sequences {c¢; » }rez and {d; r }rez of real numbers such that we can
write the series expansions

F@)=>"cjndjxl(@) (2.34)

kez
= Z djk ¢jk(x) for x € R. (2.35)
kEZ

To compute the coefficients ¢; ,,, we take the inner product of equation (2.34) with ¢; ,, and obtain

(f,jmdr2w) = <Z Ciok Biokes Bjom ) L2(R)

keZ

= E Cik Okom

kEZ

=Cjm
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and analogous taking the inner product with 1/;ij we can calculate the coefficients d; ,,, and get

(fsDjm)r2@®) = djm;

see e.g. CHUI (1992).
Hence, we can rewrite the equations (2.34) and (2.35) as

F@) = {f, din) 2@ bin() (2.36)
kez

= Z<f7 Bik) 12 ) Bik (T)- (2.37)
kez

If ¢ and ¢ are semiorthogonal in the sense of Definition 2.18 we can therefore write each signal f € V; as one
of the series expansions (2.36) or (2.37).

Two-scale relations

Now we construct more general two-scale relations similar to equations (2.7) and (2.16). It follows from the
definition of a MSA that the ¢, k € Z, span the scaling space V;. Since V; C Vj4q and W; C Vj4q the
functions ¢;; € V; and v;; € W; can be written as series expansions analogous to (2.37), i.e.

Gia(x) =Y (Di1: bjr1k) L2 Gie1k(T), (2.38)
kez
Vj(x) = Z@/ﬁ,u Gis1k) L2 @) Bit1.k(T) (2.39)
kez
or with
Pt = (B bk e and ¢t = (Y50, G k) 2y

we rewrite equation (2.38) and (2.39) as

dia(z) =D piit dirin (2.40)
keZ

Vi qu 1 Giv1n( (2.41)
kEZ

These equations are called two-scale relations because the functlons @4, l( ) and 1 ;(x) refer to the scale j and
the functions ¢j41 () refer to the scale j 4 1, the coefficients p ! and q ! are called two-scale coefficients.
We get the following equations if we set j = 0 and [ = 0:

=3 " phodrilz) =22 phoo(2e — k) (2.42)
keZ keZ

= ahodrr(r) =22 g 622 — k); (2.43)
keZ keZ

the first equation (2.42) corresponds to the two-scale relation (2.7) the second equation corresponds to equation
(2.16).

For the two-scale equations (2.38) and (2.39) we can compute the inner products as follows:
(D1, QZ’j+1,k>L2(R) = 2j+1/2/ (27 x — 1)p(27+ 1w — k)dx (substitution: s = 27z — I, dez = 277 ds)
—21/2/ &(3)d(2s — (k — 20))ds

= (¢0.0, P1k—20) L2(R) =: Ph—21 (2.44)
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and analogous

(Y1, ¢J+1 k)L2(R) = 21/2/ P(s 28 — (k—21))ds

= <¢o,o,é1,k—2z>L2(R) = Qr—21- (2.45)

Note, now the two-scale coefficients px_o; and qx_o; are independent of the resolution level j. And we can
rewrite the two-scale equations (2.38) and (2.39)

Giu(x) =Y pro2r djp1.k(x) (2.46)
kEZ

Yia(@) =Y qr-2 djpk(@) = R (2.47)
keZ

Analogous to equations (2.38) and (2.39) we can write for the dual MSA
Gin(r) =D (b1, bj1.0) L2y Pit1.k (@),

kEZ

() = Z@/;j,z, Gj41.k) L2(R)Bjt1.k(T)

kEZ
and get analogous to pr_o; and gr_o; in equations (2.44) and (2.45) the dual two-scale coefficients py_o; and
Gr-2

(i1, Dir1.k) 2 (®) = (P0,0: D1,k—21) 12(R) = P—2 and (2.48)

()1 D160 L2R) = (P0,05 P1k—21) 12 (R) = G—21- (2.49)

The two-scale coefficients pr—_2;, qr—21, Pk—21 and Gi—o; will later play an important role for the decomposition of
signals f; € V;. With those coefficients we will construct a decomposition relation and a reconstruction relation
for signals f; € V.

If we establish an additional condition on ¢ and with equation (2.15) for ¢ we gain more information on the
coefficients p;. , and g} .
Assume ¢(z) is normalized, i.e.

R

then we apply equation (2.42) and get

21/2Zpko/ $(2z — k)dz = 1.

kEZ

And similarly with equation (2.15)

/_O:Ow(x)d:c _

we get from equation (2.43)

21/22%0/ ¢(2x — k)dz = 0.

keZ
After substituting and evaluation of the integral we get

Zpllc,o - 21/27

kEZ

ZQI;O =0

kEZ

for the two-scale coefficients pk o and qk 0o keZ T hese equatlons are important for the constructions of scaling
functions and wavelets. The two-scale coefficients pk o and qk o have to fulfill these equations. Note, besides
these equations the two-scale coefficients have to fulfill more conditions, such that they can be determined
uniquely.
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2.1.4 Decomposition and reconstruction

Now we introduce a concept to decompose a function f] € Vj; into a coarser signal and the corresponding detail
signals. These signals will be defined via coefficients ck . and dk 1> Jo k.1 € Z. Via those coeflicients we will be
able to perform a decomposition of the original function fjin fj—1 € V;_1 and gj—1 € W;_; and to reconstruct
f; from the signals f;_1 and g;_;.

Decomposition
First we repeat the decomposition of a function f (compare equations (2.12) and (2.13)).
For L*(R) = @,., Wi the function f € L*(R) can be decomposed into a sum of detail signals g; € W;:

=> giz), TR (2.50)

i€

If we separate the sum into two parts we get

@)= Y 0l + Y e

ORI

with the smoothed signal f;(x) defined as

L@ =Y ).

1=—00

Since f € L*(R) = @ jez Wi we can formulate the series expansion analogously to equation (2.37):

- Z Z<f7 12)1',16>L2(R)1/)i,k(117)

i€ ket
ZZfﬂbzk r2®) Wik (T +ZZf¢zk £2(®) Vi (2)
i=—o00 kE€Z i=j k€Z

= £@) + DD ik 2wyt k (@)

i=j kEZ

ORI

with
gi(x) = Z<f7 Vi) L2y Yk (@) = Zcz‘,k ¥i(x), wherein ¢;, = (f,%i4)r2(r), i € Z and (2.51)
kez kez
j-1
fi@) = 3 gila). (2.52)

Since the wavelet functions v; 1., k € Z, span the detail space W;, the detail signals g; as linear combinations of
¥ lie in W;. The smoothed signal f,( ) =721 gi(x) lies in the direct sum ®D.<; Wi =V;. Vj is spanned
by the functions ¢; 5. Hence f;(z) can be written in a series expansion

v) =Y dj¢jk(x) wherein djx = (f, djn)r2m), = € R. (2.53)
keZ

The coefficients d;  are called scaling coefficients because they define a signal in the scaling space (f; € V;),
the coefficients ¢; ;, are called detail coefficients because they define a signal in the detail space (g; € Wj).
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Decomposition relation

Now we construct the decomposition relation. With the decomposition relation we can perform a decomposition
of the level j coefficients d; 1, k& € Z, into the level j — 1 coefficients d;_1  and c;_1 , k € Z. Therefore we can
compute the signals f;_1 and g;_1 via the formulas (2.51) and (2.53).

Since we can decompose V;i; into a direct sum of V; and W;, ie. Vi1 = V; ® Wj, we can formulate for
®jt+1,(x) € Vjq1, 1 € Z under consideration of (2.48) and (2.49):

¢j1,0(x) = Z<¢g+1 I ¢J k) L2(R) Pk (T) + Z bj+1, zﬂ/’; k) L2 (R) V) k (T)

keZ kez
= Dok in(@) + Y G2k Yin(x). (2.54)
kEZ keZ

Recall, we get a similar equation if we interchange the roles of the basis and the dual basis.
We can write the signal f;(x) with f; € V; as follows (see equation (2.53))
v) =Y dir k() zER. (2.55)
kEZ

Another representation of this function we gain from the relation f;(z) = fj41(z) — g;(x) (see equation (2.52))
and insert the equation (2.54) in the following equation.

fiz) = Z dj1,0 @j+1,( Z ¢k ik (2.56)
lez kEZ
:szngllpl ok Gy k( +Z<ng+1l(ﬂ 2k_Cgk> V() (2.57)
k€EZ IEL kez \icz

If we compare the coefficients of equation (2.55) and equation (2.57) we get the recursion formulas

djr =Y P2k djpr, for k € Z, (2.58)
leZ

Cjk = Z qi1—2k dj-',—l,l for k € Z. (2.59)
lez

Note, pj—2 and §_ox are independent of j. We define d; = (d; x)kez € I*(Z) and ¢; = (¢jx)kez € [*(Z) with
(d;); := d;,;. The main result is that from the coefficients d; we can compute the coefficients d;_; and ¢;_; via
equations (2.58) and (2.59). This means if we have given the coefficients d; corresponding to a signal f; € V;
we can compute signals f;_1 € V;_; and g;—1 € W;_1, i.e. with f;_; we can compute a low pass filtered ver-
sion of the signal and with g;_; we can compute the remaining high-frequency part. This is demonstrated in the

decomposition scheme:

.dj+1 —>dj —>dj_1 — ...
NN N (2.60)

Cj Cj—1

Reconstruction relation
Now we derive a reconstruction relation. I.e. from the level j —1 coefficients d;_; and ¢;_; we want to compute
the level j coefficients d;.

Since Vj11 = V; @ W; we can write

Z djy1,k i1,k Z dj1 ¢j1(x) + Z cjiii(x)

kEZ IE€Z lez

inserting the two-scale equations (2.46) and (2.47) we get

ng+1k¢g+1 k() Z (Zpk 2ld,l+ZQk 2ng,>¢]+1 & (2);

kEZ keZ \leZ IE€Z
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comparing the coefficients we gain

djt1,r = Zpkfzz dji+ ZQkfﬂ Cjl- (2.61)

lezZ lEZ

Note, the pg_o; and gx_o; are independent of the level j. With the reconstruction relation (2.61) we can compute
the signal f; € V; from its low pass filtered version f;_1 € V;_; and its detail signal g;—; € W;_;. We can
perform this reconstruction via the coeflicient vectors d;_1, ¢;—; and d;. The procedure is demonstrated in the

reconstruction scheme:

.dj —>dj+1 —>dj+2—>...
/ /! /! (2.62)

- Cj Cjt+1 Cji2

In Figure 2.1 the main steps we have performed so far are summarized.

2.1.5 Multiscale analysis on a bounded interval

Since we want to work regionally we will work with a concept of a MSA on a bounded interval. We adopted
the concept of a MSA on a bounded interval from CHUI AND QUAK (1992).

Now we want to restrict the concept of a MSA on L?(R) to the interval [0, 1], i.e. we want to work with a MSA
on L?([0,1]). To perform a MSA on a bounded interval, for example on [0, 1], some changes in the concept have
to be made. Adapted to a bounded interval [0,1], the sequence of nested closed subspaces V; can no longer
be bi-infinite. In a MSA on L?(R) the functions in the spaces V; are dilated and their details are coarser for
j — —oo, ie. theiy contain the large-period structures. On the bounded interval [0, 1] we have to consider an
initial space V !} that contains the functions with the coarsest structures on 0,1] and therefore we cannot
have a bi- 1nﬁn1te sequence anymore. Hence there has to be an initial subspace VO[ 1 and closed subspaces Vj[o’l]
with j € N, satisfying the following properties

v vl e and (2.63)
——L2([0,1])

v = L*([0,1]). (2.64)
Jj=0

Comparing with the MSA on L?(R) as defined in Definition 2.3 we see that the properties (2.3) and (2.4) are
missing. Of course property (2.3) does not make sense in the MSA on a bounded interval (compare equation
(2.63)). Although the property (2.4) gives us additional features for a MSA on L?*(R) we cannot adopt it without
some effort, but anyway we will not make use of the feature and we will disregard it.

1]

The complementary orthogonal subspaces Wj[o’ are defined via

Vj[o’l] _ V[O 1] ® W[O 1] j € No,
hence

£20,1] = ;" e @ w". (2.65)
J€Ng

The behavior at the endpoints of the interval [0, 1] must now be taken into account and special boundary func-
tions (scaling functions and wavelets) have to be introduced, as the relevant families of functions in ij[O,l] and
WJ[O’” can no longer be controlled just by dilation and translation alone. The aim is to produce Riesz bases for

the spaces V[ 4 consisting of a finite set of suitable translates ¢; ;. of the original scaling function and a finite
set of spec1ally constructed boundary scaling functions gb k- We have to construct bases of the complementary

subspaces W[ 1 con31st1ng of a finite set of translates 1); ;. of the wavelet function ¢ and a finite set of special
boundary Wavelets w -
The theory can be apphed to an arbitrary bounded interval [a, b].
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V, = span{g, . |k € Z)

= span{¢; . | k € Z}

Wj = Span{’l/)j7k | ke Z}

=span{t; |k € Z} for j € Z

Eldj,k S (C, k € Z such that f(I) = ZkEZ dj)k (bj)k(ft)

fevi=9q . R
Eldj,k S (C, k € Z such that f(I) = ZkEZ dj)k (bj)k(ft)

Jejr € C k € Z such that f(z) =3, cp ik ¥jn(T)

geW;, = -
ﬂéj_’k € C,k € Z such that f(I) = EkEZ 5j,k 1/}j)k(x)

Gia(x) = proar djp1k(x)
kez

Yji(x) = ZQk72l Gjt1.k(2)
kez

Gii(r) =D P2t Gip1k(@)
kez

bjax) = ZQkle Ojy1k(x)
kez

djk = Zﬁl—zk djt1,, for k € Z
1€z

Cjk = lel—zk djt1,, for k € Z
1€z,

djtr1,r = Zpkle djq + Z qr—21 Cj1

IEZ I€Z

Step 1:

We constitute the scaling space
and the detail space.

We have 4 sets of functions:

e scaling functions,
e dual scaling functions,
e wavelets and

o dual wavelets.

Step 2:

We develop series expansions for
functions in the scaling spaces
and analogous for functions in
the detail spaces.

Step 3:

We constitute the two-scale re-
lations for the scaling functions,
the wavelets, the dual scaling
functions and the dual wavelets.
The two-scale coefficients play an
important role for the decom-
position and reconstruction rela-
tions.

Step 4:

We derive the decomposition re-
lations.

The dual two-scale coefficients
are used in these relations.

Step 5:

We derive the reconstruction re-
lation.

The two-scale coefficients are
used in this relation.

Figure 2.1: Main steps of the procedure for the semiorthogonal case.
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2.2 Definition of B-splines and some properties

Later we want to use B-spline functions as scaling functions. Therefore in this section we define B-spline
functions and give an overview of the main properties of these functions. We adopt the theory from Schumaker
and omit the proofs of the statements but all of them can be found in SCHUMAKER (1981).

First we have to give some general definitions:

Definition 2.19. We introduce the standard notations

flz+h) - fx)

Dy f(z) = 1}11?8 n

and

_ o f@) = flz—h)
D f () = lim =

When these limits exist they are called right and left derivatives of f at x, respectively. When both of them exist
at a point x and are equal, then we write

Df(z) = D_f(x) = Dy f(x).

A function f is said to be differentiable on the closed interval [a,b] when Df(x) exists for all a < x < b and
D, f(a) and D_f(b) exist. Then we write

Dif(z), ifx=a
D_f(z), ifx=0b.

Df(x) =

Definition 2.20. We define

L, z>y
(z -y =
0, z<uy,
and
(.I _ y)m—l o (I - y)milv &€ Z Yy, m> 1
T =
0, T <uy.

Definition 2.21. Let points yi,...,yr+1 and a function [ be given. We define the rth order divided difference
of f over the points y1,...,Yr+1 by

1oyl oyt fn)
Loys oyt flye)

det
: I = Lyler - urin f(yr)
Y1y - oo Yr+1 - 1 1 N
Y1 -+ 1
det 1 y% ce Y

Lypir Ui

In this definition we have tacitly assumed that the y’s are in increasing order (in order for the determinants to
make sense).

With these definitions we can finally define the B-splines:

Definition 2.22. Given a sequence of real-valued knots

o SY 1S Y Sy SY2 <.
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and i € Z and m > 0. We define

m—1

Q" (x) = (=)™ Wiy s Yirm] (@ =97 i Yi < Yirm
0, otherwise
for all x € R. Q" is called the mth order B-spline associated with the knots y;, ..., Yitm.
For m =1, i€ Z and z € R the B-spline associated with y; < y;41 is given by the piecewise constant function
1

Qlw) = { T
0, otherwise.

Yi <o <Yir

The following theorem establishes a recursion formula for the mth order B-splines.

Theorem 2.23. Let m > 2, i € Z and suppose y; < Yirm. Lhen for all x € R the following recursion relation
holds

(0= 9) Q@) + (rem — ) QU (@)

an(x) - (yi+m - yz)

(2.66)

Definition 2.24. We define the normalized B-spline N*, m > 0 and ¢ € Z, associated with the knots
Yiye oo s Yi+m as

N (@) == (Yirm — ¥i) Qi"(x) forz €R
For m = 1, the normalized B-spline associated with y; < y;11 is given by the piecewise constant function

17 ’L< < Yi
N(z) = Yi << Yin

0, otherwise.

From the recursion relation (2.66) we gain another recursion relation for the normalized B-Splines: Let m > 2,
i € Z and suppose ¥; < Yitm—1 and y;+1 < Yitm then

N™(z) = Lyi) N ) + M N7 (x) forz eR (2.67)
Yi+m—1 Yi Yi+m Yi+1

Now we state that the normalized B-splines span specific spaces of polynomial splines. Therefore we will now
give the exact definition of the spaces of polynomial splines.

Definition 2.25. The space of polynomials of order m is defined as follows:
P = {p(z) | p(z) = Zci 7t er, . em,w € R}
i=1

Definition 2.26. Let [a,b] be a finite closed interval, and let
A={z}f witha=xy <z <xp<...<ap <Tpy1 =0
be a partition into k + 1 subintervals
I =[x, 2i41), i=0,1,...,k =1 and I}, = [xf, Tp41]-

Let m be a positive integer, and let M = [my, ..., my]" be a vector of integers with 1 <m; <m, i =1,2,... k.

We call the space
S(Pm;M; A) = {s: there exist polynomials so, ..., Sk in Py, such that s(x) = s;(x) for x € I;,
i=0,1,....k, and D?s;_1(x;) = DIsi(x;) for j=0,1,....m—1—my, i=1,...,k}

the space of polynomial splines of order m with knots x1, ...,z of multiplicities mq,...,mg. We call M =
[ma,...,mg]" the multiplicity vector.
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We have to interpret m; = m to mean that the two polynomial pieces s;—1 and s; are unrelated to each other,
i.e. there may be a jump discontinuity at x;. If m; < m the two polynomial pieces s;—; and s; are tied together
smoothly, i.e. the spline s and its first m — 1 — m; derivatives are all continuous across the knot.

Definition 2.27. Let m be a positive integer, A = {z; le with a < 117 < 9 < ... < a2 < b and M =

(my,...,mg) withl <m; <m,i=1,2,...k be given. Let K = Zle m;. Suppose

Y1 <y2 < ... < Yomik

18 such that

NS S Ym < a, DL Y1 <o S Yotk (2.68)
and
maq mi
(Ymt1y - s Umar) = (T1, - XLy oo, Thy e vy Tpp)- (2.69)

Then we call A = {y;}2™ K an extended partition associated with S(Pp; 9M; A).

Remark:
The points {y; Z’;ﬁfil in an extended partition A associated with S (Ppn; M; A) are uniquely determined (com-
pare (2.69)). The first and last m points in A can be chosen arbitrarily, subject to (2.68).

Theorem 2.28. Let A = {yi}?;nlJrK be an extended partition associated with S(Pup;M; A), and suppose b <
Yom+k- Fori=1,2,... . m+ K, let N]" be the normalized B-spline

NP@) = (—)™ i — 93) [ Yiem] (2 — )7L, a <2 < b,
Then {N/"}" 5 form a basis for S(Pp; M; A) with

Ni™(x) =0 for x & [yi, Yi+m]
and

N™(x) >0 forx € (Yi,Yitm)-

Moreover the normalized B-splines form a partition of unity, i.e.

m+K
Z N™(x)=1 foralla<az<b.
i=1

Remark
A corollary proves the statements of Theorem 2.28 for b = Y1541 = ... = Yam+k. In our application we
will need this case but we will only refer to the theorem. For more details see SCHUMAKER (1981), Corollary 4.10.

The theorem states that the normalized B-splines { N/} associated with the knots in A form a basis for
S(Pp; M; A). Furthermore the theorem shows that the normalized B-splines N/, i € Z and m > 0, are com-
pactly supported and positive.

Note, for m = 1 the B-splines Q}(z) and N/} (z) are piecewise constant functions, for m = 2 the B-splines Q7 (z)
and N?(z) are piecewise linear functions and so on. The notation here might be misleading. There are different
notations in the literature.

Now we consider B-splines with equally spaced knots: We say that the set of knots ...y;, yiy1, ... is uniform
with spacing h € R provided

Yir1 — Yy = h forall i € Z.

For uniformly spaced knots it turns out that any B-spline can be obtained from one basic B-spline by translation
and scaling.
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Definition 2.29. Let

m!

Qm(x) _ i (_1)1(7?)(1, B i)Til, reR
i=0

(2

(This is the usual B-spline associated with the simple knots 0,1,...,m). Associated with Q™, we also introduce
the normalized version

N™xz)=mQ™(z) = € R.

The following theorem shows that any B-spline associated with uniformly spaced knots can be obtained from
Q™ or N™ by a translation (and possible scaling). With this theorem we will later see that our inner scaling
functions are generated by the function N™.

Theorem 2.30. Leti € Z, m >0, h € R and h > 0. Suppose y;, ..., Yi+m are uniformly spaced with spacing
h. Then

Q" (z) = %Qm (x;yz) zeR
and

N(z) = N™ (%) TER.

2.3 1-dimensional B-spline model

We introduce a 1-dimensional model as base for the multi-dimensional models.

Since in our applications we want to work regionally, we choose basis functions on the bounded interval [0, 1].
Then we have to take into account the behavior at the endpoints of the interval [0, 1], i.e. we have to introduce
special boundary functions (compare section 2.1.5). A big advantage of the spline approach is that it readily
adapts to the case of the bounded interval [0, 1] by introducing multiple knots at the endpoints.

2.3.1 Scaling functions and detail spaces

Now we intend to apply normalized B-Splines as basis functions ¢; r = N/ (x) (the level j € Ny will specify the
knot sequence for the B-splines and we will also write N,"), we define m; := 27 + (m — 1) (there will be m;
basis functions, hence our spaces V; will have dimension m;).

Our scaling spaces will be V; = S(P3;M;; Aj) with A; = {5, &,..., ng-l} and the corresponding 2/ — 1 x
1 multiplicity vector M; = [1,...,1]’, j € No.
For a fixed j we want to define the basis functions ¢; 5, k = 0,...,m; — 1 (Note, from now on the notation

@;,1 does not mean only the translated and dilated versions of a function ¢ as in Definition 2.4. As introduced
in chapter 2.1.5 for a MSA on a bounded interval we need additional boundary scaling functions that in our
case cannot be derived by translation and scaling. We use this notation because for our basis functions ¢; ; we
intend to adopt the concepts discussed in chapter 2):

As basis functions ¢;, we apply a normalized B-spline N,zn’j (x) of order m = 3 and shift k=0,...,m; — 1
(mj =21+ (m—1) = 27 +2). The index j specifies the knot sequence for the B-splines. For a fixed j € Ny let

the knot sequence ) <t} <...< tfnj 4o be given through

O=th=t =t <ty <t <...<tmy1<th,=t, =t ,=1 (2.70)
with t{ = (l—2)hy, hj = 2% for I = 3,...,m; —1 (Note, this knot sequence forms an extended partition

associated with S(P3;9M,;; A;) (compare Definition 2.27), i.e. we may choose the first and last m = 3 knots
arbitrarily, compare equation (2.68)).
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We define our m; basis function ¢;x(z) = Ns’j(:v), k =0,...,m; —1 for x € [0,1], to be the 3rd order
normalized B-spline associated with the knots ...t 4, ie.

J J
L tp<z<t,

1,j
N7 (z) ==
0, otherwise

t -
ﬁmiﬂNﬁll)]( )form22, k:(),,m]—l
k+m k+1

M. x—t m—1,j
Ny (a) = P a— Al () +
k+m—1 k
for € [0,1]. Note, the fractions in these equations are taken to be 0 when their denominators are 0, this
concept we adopt from STOLLNITZ ET AL. (1995). And compare the recursion formula for normalized B-splines
(2.67).
For m = 3 we have altogether m; = 27 + 2 basis functions ¢; (), k =0,...,m; — 1, for a fixed j € No.

For k = 2,. — 3 the functions ¢; (z) = N,? J (x) are just B-splines associated with the uniformly spaced
knots ¢7,, .. tk 43 hence they are a translation and possible scaling of the cardinal B-spline N* (see Theorem
2.30), i.e. gbj_yk( x) = N3’J( ) = N3(27x — k) for k = 2,...,m; — 3. For being the translated and dilated versions
of a single function ¢ only the normalization constant 2j/ 2 is missing (compare the Definition 2.1), but in the
construction of computational algorithms it is more convenient to drop it. This only changes the Riesz bounds
by a factor of 277. ‘

For k = 0,1 the resulting scaling functions ¢, ;(z) = N,f’] () form the boundary scaling functions for the
endpoint 0 (the associated knots of the B-spline contain a multiple knot at 0), for & = m; — 2,m; — 1 the
resulting scaling functions ¢;x(x) = N,f’J () form the boundary scaling functions for the endpoint 1 (the
associated knots of the B-spline contain a multiple knot at 1). These boundary scaling functions are not associ-
ated with uniformly spaced knots and therefore cannot be derived by translation and scaling of the B-spline N3.

We use the functions ¢, ., K = 0,...,m; — 1, as basis functions for the scaling spaces V; and therefore we will
also use the denotation scaling functions. But we should keep in mind that not all of the ¢;; are generated
by a function ¢. Figure 2.2 shows the scaling functions ¢;r, k = 0,...,m; — 1, for the levels j = 0,...,3.
For level j = 0,1 (first and second panel) all functions ¢; ,(x), k = 0,...,m; — 1 are affected by the endpoint
interpolating procedure due to the chose knot sequence (2.70). In the third and fourth panel we can see, that
for the levels j = 2 and j = 3 only for k¥ = 0,1 and k = m; — 2, m; — 1 the functions ¢; x(x) are affected
by the endpoint interpolating procedure due to the knot sequence (2.70); in contrast the inner functions for
k =3,...,m; — 3 are not affected by the endpoint interpolating procedure. The B-splines are real-valued, from
now on we will only consider real valued functions and therefore we only work with real numbers.

Definition 2.31. We denote the closed spaces spanned by the m; basis functions ¢jr, k=0,...,m; —1, as
([0,1])

Vj, i.e. Vj:=span{g;r | k=0,..., -—1} B

As we work on the bounded interval we should use the notation Vj[o’l] but for simplification we will just write

Vi, 7 € Ng.

According to Theorem 2.28 or STOLLNITZ ET AL. (1995) the functions ¢;,; form a basis of the space S(P5; 9;; A;)

with A; = {2%, %, . 2 1} and the corresponding 2/ — 1 x 1 multiplicity vector M, = [1,...,1], i.e.

‘/j - S(Pg;mj;Aj).

Now we check the conditions on V; to form a MSA on the bounded interval [0, 1]:

(1) Since A; = {5.,2,..., 2 s} C Ajp1 = {F 35 % it follows that S(Ps;M;;A,) C
S(Ps; Mj41;Aj41) holds for j > 0 and the first condition of a MSA on a bounded interval is fulfilled, i.e.
equation (2.63)

Vocvic... (2.71)

(2) We have to check UJGN0 o _ = Ujen, S(P3; M3 A ) o _ L2([0,1]).

Let xa be the characterlstlc function of the set A,
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1 ifx e A,

0 ifxgA.
We define the set of step functions £ defined on [0,1]

xa(r) =

E={f(x)= Z,ICVIZO ar X4, (z) with a, € R for k =0,..., M and {4, }L, form a partition of the interval
(0,1], = € [0,1]}

and the sets

E={f(x) = ij:_()lb',ixBi(x) with b/ € Rfor k = 0,...,2/ —1 and B] = (£, B for k= 0,...,27 —
2,B] =L Ellfor k=27 -1, z €0,1]}.
- L2([0,1]) . . .
We can show that UjeNo & = &, we will not perform the proof (the main argument is that
|Bl| = h; = 5 —— 0). The set € lies dense in L?([0, 1]), for the proof see, e.g., ALT (1999), therefore it
j—o0
L2([0,1])

holds ey, &; = L?([0,1]). Since & C S(P3;M;; A;) C L3([0,1]) and L?([0,1]) is complete (see,
e.g., WEIDMANN (1976), section 2.1) the assertion follows, i.e.

—————7*([0,1]) L2(]0,1])
UvPT = U seemzay) = A(0.1). (2.72)

J€Np IS\

3) Since we have only a finite set of basis functions for the scaling spaces V;, j € Ny we will only have finite
y g )

| | L | |
10 ~_j=0 r
[}
=
T 05 -
>
0.0 T T T T
0.0 0.2 04 0.6 0.8 1.0
variable x
L | | L | |
10 R j=1 -
[}
=] 1 -
T 05 -
> 4 -
0.0 - T T T - T - T
0.0 0.2 04 0.6 0.8 1.0
variable x
| | L | |
0N j=2 I
(o}
=] 1 -
T 05 -
> 4 I
0.0 T T T T T T T T
0.0 0.2 04 0.6 0.8 1.0
variable x
| | L | |
107 j=3 T
[}
=) 1 -
T 05 -
> 4 5
0.0 ; T T 7 T 7 T T
0.0 0.2 0.4 0.6 0.8 1.0
variable x

Figure 2.2: B-spline scaling functions ¢;x(x), k =0,...,m; — 1, for the levels j =0,...,3.
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summations. Therefore we do not have to worry about the convergence of the series and hence we will
not check if the basis functions form a Riesz basis.

All the properties are fulfilled hence the closed subspaces {V;};ez form a MSA on the bounded interval [0, 1].

2.3.2 First two-scale relation for B-splines

The main purpose of this section is to introduce the two-scale equations for B-splines and to develop decompo-
sition relations similar to equations (2.58) and (2.59) and reconstruction relations similar to equation (2.61) for
the B-spline model, i.e. we have to compute the two-scale coefficients. The derivation is similar to the one in
the general case introduced in chapter 2.1.4.

Since Vj_1 C V; we can represent the scaling function ¢;_1; € V;_; with [ = 0,...,m;_1 — 1 as a linear
combination of the scaling functions ¢;; € V; with k = 0,...,m; — 1. Le. we introduce the first two-scale
relation

mj—l

Gi1u(x) = > phydik(@), (2.73)
k=0
also known as the refinement relation (compare equation (2.40)).

We have only finitely many scaling functions ¢;;, & = 0,...,m; — 1, therefore we can introduce a matrix
notation of the two-scale relation (2.73). By defining the m;_; x 1 scaling vector

D 1(x) = [¢j-1,0(2), Pj—11(®), ooy Bj—1,0(T), ooy Pj— 1, —1 ()]

of resolution level j — 1 and the m; x 1 scaling vector

®;(x) = [6),0(2), 91(2), s 6k (), oors s 1 ()]
of resolution level j we rewrite the two-scale relation (2.73) as the matrix equation

) (z) = ®(x)P;. (2.74)

7j—1
The coefficient matrix P; is a m; x m;_; matrix; it is dependent of the level j. We can determine the entries
p1., of the matrix P; by solving equation (2.74) for certain values of x.

The entries of the m; x m;_; matrix P; = (pi)l) of the refinement process are given as

_4 -
22
31
13
31
13
3.1
1
PJ:Z ! 21 )
1 3
31
13
31
13
22
L 4_

see e.g. STOLLNITZ ET AL. (1995) (entries that are not shown in the matrix are equal 0). Note, the entries pi I
are given for £k =0,...,m; —1and [ =0,...,m;j_; — 1 hence, the element that stands in the first row and in
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the first column of the matrix is pé)o, i.e. the indices are shifted.

The entries of this matrix pfﬂl could also be calculated from equation (2.40) with pfﬂl = (Pj-1.1, gZ;j_’k>L2(R). But

we do not work with the dual functions ¢Zj) r and therefore we do not calculate the coefficients pi ; this way.

2.3.3 Wavelets and detail spaces - the second two-scale relation

The detail spaces W;_; are defined as the orthogonal complement of the scaling space V;_; in the scaling
space Vj, i.e.

Vi = Vi @ Wi, (2.75)

Now we intend to construct a set of basis functions ;1 x(x) of the detail space W;_1 with k =0,...,n;_1 —1
and n;_1 :=mj; —m;_1 (i.e. mj =mj_1 +n;_1, the dimension of V; is the sum of the dimensions of V;_; and
W;_1). As we work on a bounded interval we have inner basis functions that can be controlled by dilation and
translation of a single functions ¢ and we have additional boundary basis functions that cannot be controlled
by dilation and translation of the function . Hence we cannot have a function ¢ that generates all the basis
functions ¢k, j € Ng and k =0,...,n; — 1. Therefore we will only presume that the weaker condition (2.15)
of the admissibility condition (2.14) holds for each v, j € Ng and k =0,...,n; — 1, i.e.

1
/ ’lﬂjyk(l')dx:()] EN(), k=0,...,mj — 1. (276)
0

Now we want to construct basis functions 1, that fulfill the condition (2.76) and we will call these functions
wavelets.

Since W;_1 C Vj}, we can represent the wavelet functions v;_1; € W;_1 C V; with [ =0,...,n;_1 —1 as a linear
combination of the scaling functions ¢;, € V; with k = 0,...,m; — 1. Le. we introduce the second two-scale
relation

mjfl

bioa(x) =Y ql, din(z) (2.77)
k=1

(compare equation (2.41)). With the n;_; x 1 vector
i1 (2) = [hj-1,0(®), Vj—1,1(2), ooy ¥jm1,0(2), ooy ¥yt —1(2)]

of resolution level j — 1 we rewrite the second two-scale relation (2.77) as the matrix equation
j-1(7) = ®5(2) Q;, (2.78)

wherein Q; = (q; ;) is an m; x nj_; matrix with initially unknown elements q‘,i ;- Note, as for the matrix P;

the indices are shifted and the entry in the first row and the first column of the matrix Q; is qé,o-
Hence, our next objective is the determination of the matrix Q; from the given matrix P;.

Since, as mentioned before, the wavelet functions ¢;_1 ,(x) are assumed to be orthogonal to the scaling functions
¢j—1,1(x), their inner product vanishes, i.e.

1
/o bj—10(x)j—1k(x)dr =: (Bj—1.1,%i—1.k) L2(0,1]) = O (2.79)

Note wavelet functions which fulfill this condition, i.e. they are orthogonal to the scaling functions but not
orthogonal to each other fullfill the first condition of the definition of the semiorthogonal concept, i.e. V; L W;
(Definition 2.18). As mentioned before we will not work with the dual functions and therefore we will not check
the existence of the dual functions.

Substituting the two-scale equation (2.77) into equation (2.79) yields

mjfl

Z ank <¢j—1,n7 ¢j’m>L2([0,l]) =0.

m=0
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Writing this equation as a matrix equation gives us:

G;Q;=0 (2.80)
wherein 0 is the mj;_1 X nj_; zero matrix, and G; = (g}, ,,) with g, . = (dj—1.m,Djn)2((0,1)); ™M =
0,....,mj_y —1land n = 0,...,m; — 1. Hence again the indices are shifted, i.e. the entry in the first row

and in the first column of the matrix is gf .

A matrix equation with right hand-side of zero like this one is an homogeneous system of equations. The set of
all possible solutions is called the null space of G;. The columns of Q; must form a basis of the nullspace. Since
there are various bases of the nullspace of a matrix, there are various wavelet bases for a given detail space W;.
We impose further constraints in addition to the orthogonality requirement given above and equation (2.76).
Finally we can determine the matrix Q;.

For our application we did not calculate the matrix Q;, j € N, but we worked with the matrix calculated
in STOLLNITZ ET AL. (1995). The matrices can be found in section C. The constraint that has been introduced
to derive a unique solution is explained in the following. To get wavelets with small supports there was required
each column of Q; to have a minimal number of consecutive non-zeros. This constraint imposes a banded
structure on Q; similar to that of P;.

From the structure of the matrix Q; we can see that only the wavelets v; 1, k = 0,1,n; —2,n; — 1 are affected
by the endpoint interpolating procedure, while the inner wavelets v; ., for £ = 3,...,n; — 3, are not affected
by the endpoint interpolating procedure. The wavelet functions are shown in Figure C.1. One can check that
the wavelet functions ;; defined via the matrix Q; in fact fulfill the condition (2.76), for the inner wavelet
functions this is an easy computation while for the boundary wavelets this is more complicated. We will not
perform these computations here.

A construction of explicit formulas of the wavelet functions ¥, can be found in CHUI AND QUAK (1992).

2.3.4 Construction of a decomposition relation and a reconstruction relation

In the next step we want to derive the decomposition relation, which is required for the MSA. From the equation
V; = Vi1 @ W;_, it follows that there exist matrices of real coefficients P; and Qj such that

®(z) =@, (x)P; + ¥, (2)Q; (2.81)

wherein P; and Qj are mj_1 x mj and nj_; x m; unknown coefficient matrices, respectively. Inserting the
two-scale equations (2.74) and (2.78) yields

®(z) = @(z) P; P; + @}(2) Q; Q; (2.82)
and therefore it follows

P,P;+Q;Q; = [Pj QJ} P

J

=L

The m; x m; matrix [PJ— QJ} is of full rank it follows

?j |: -1
| =p, q (2.83)
Q] J J
Similar to the general case we can decompose a function f;(x) with f; € V; into
J—1
fr@) = fola) + ) gi(x)
i=0

J—1
— @+ Y gi(a) (28

(compare equation (2.65)) wherein f; € V; and g; in W; are defined as

mi—l

filw) =Y dig ¢in(z) = ®j(z)d; (2.85)
k=0
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and

ni—l

gi(x) =Y cintik(x) = ¥i(x)c; (2.86)
k=0

!/ !/
wherein d; = |:di70 L di,mi—1:| and ¢; = |:Cz',0 ce Cipg—1
Analogous to the general equations (2.51) and (2.53) we could compute the coefficients d; , and c; j as scalar
products with the dual functions. But we will not use explicit formulas for the dual functions as already
mentioned before and will therefore not use this technique.

Our main purpose is to derive the level j —1 coefficient vectors d;_; and c;_; from the level j coefficient vector
d;, i.e. to derive decomposition relations similar to equation (2.58) and (2.59) and a reconstruction relation
similar to equation (2.61).

Since the signal f;(z) can be expressed as fj(z) = f;—1(x) + gj—1(z) according to equation (2.84) it follows
with equations (2.85) and (2.86)

fi(z) = ®j(z)d; (2.87)

=@, ()dj 1+ (z)cj1. (2.88)
Substituting the decomposition equation (2.81) for ®’,(z) into equation (2.87) yields

fi(x) =@ (2)Pid; + ¥, (x)Q, d;. (2.89)

Comparing the equations (2.88) and (2.89) yields us to the decomposition relations

dj_l = Pj dj and (290)
Cj—1 = Qj dj. (291)
If we rewrite these relations as
[d“ Pi d; (2.92)
Cj-1 Q;
we get the reconstruction relation by solving the equation for d; under consideration of equation (2.83):
dj =P;d;—1+Qjcj1. (2.93)

Therefore we constructed the decomposition relations and the reconstruction relation for the B-spline model.
With those equations we can now decompose signals f; € Vj into a smoothed signal f;_; € V;_; and the
corresponding detail signal g;—1 € W;_;. From the signals f;_; and g;_1 we can reconstruct the signal f;.
Both the decomposition and the reconstruction is performed via the coefficient vectors.

2.3.5 Decomposition and reconstruction for the 1-dimensional B-spline model

Now we introduce the B-spline approach for signals f € L?([0,1]).

For a signal f € L?([0,1]) we want to compute an approach f; € V; of resolution level J. According to the
equation V; = V;_1 & Wj;_1 we decompose f; = fj_1 + gs—1 wherein the smoothed version f;_1 € V;_; and
the detail signal gy_1 € Wjy_;. As introduced in (2.85) and (2.86) the functions f; and g; are defined via their
coefficient vectors d; and ¢, respectively. With the decomposition relations (2.90) and (2.91) we compute the
scaling coeflicients of the lower levels and the corresponding detail coefficients down to resolution level 0. I.e.
from the level J coefficient vector d; we compute the scaling coefficient vector dp and the detail coefficient
vectors ¢p,...,c —1. Then we reconstruct the approach f;(t) from the coefficient vectors dy and co,...,cs-1
by the reconstruction relation (2.93).

f €1 f(t) e(ty)

2 e
Suppose we have measurements | | + | | = ) + ) of the signal f(t) given at discrete points

fn €n f(tn) e(tn)
ti,t2,...,1n € [O, 1]
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e computation of the scaling coefficients

/
In the first step we estimate the scaling coefficient vector d; = djoy ey dym,—1 of resolution level J.

Therefore we establish the following linear equation system

fi el Gg0(t1) ¢s1(t1) .. Ggm,—1(t1) djo

e t ta) ... mo—1(t d
fz el ¢J,0.( 2) ¢J,1'( 2) - by, 5 1(t2) a (2.04)
fn (299 (bJ,O(tn) ¢J.,1(tn) cee (b,],m,]fl(tn) dJ.,mel
The right hand-side contains the unknown scaling coefficients d o, ...,dsm,—1. Each scaling coeflicient
d 1, corresponds to the compactly supported scaling function ¢, £k =1,...,m; — 1. Of course a scaling

coeflicient is only computable if there is given at least one measurement in the support of the corresponding
scaling function.

fi el dro0(t1) ds1(ty) .. drm,—1(t1)
With the notations f = f'Q , e = 6.2 and ®; = ¢J’O'(t2) ¢J’1.(t2) ¢J’m‘1f1(t2) we rewrite
fn En, ¢J,O(tn) ¢J,1(tn) Q/)J.,m‘]fl(tn)

equation (2.94) in a short notation as

f+e=®;d,. (2.95)
Hence we assume to have a so-called Gauss-Markov model

f+e=&,;d; with D(f) = of P;* (2.96)

wherein D(f) is the covariance matrix given by the unknown variance factor o7 and the given positive
definite weight matrix P¢ of dimension n x n.

The least squares method leads us to the following normal equation (for more details see e.g. KOCH
(1999)):

(®,D(f)"1®,)-d; =@, D(f) 'y. (2.97)
Now we have to consider two cases for the n x mj; matrix ®;, with n > m :

— either the n x mj matrix ®; is of full column rank, i.e. the column rank amounts m; and therefore
the matrix (®/, D(f)~! @) in the normal equation (2.97) is invertible

— or the matrix @ is not of full column rank, i.e. the column rank amounts less than m; and therefore
the matrix (®/, D(f)~! @) is not invertible.

Since the scaling functions ¢y, k = 0,...,my — 1 are linear independent (compare Theorem 2.28) a
column rank deficiency can only be a result of the distribution of the data. I.e. the matrix will be of full
rank if the ¢1,...,t, are evenly distributed such that at least one ¢;, i = 1,...,n, lies in the support of
each scaling function ¢, £k =0,...,m; — 1, for more details see section 3.3.2. The matrix will not be of
full column rank, if for at least one scaling function ¢, K =0,...,my — 1, there is no observation given
in its support, i.e. none of the ¢;, ¢ = 1,...,n, lies in the support of the scaling function. Hence in case
of data gaps the matrix will not be of full column rank.

In the case that @ is of full column rank we can invert the matrix (®/, D(f)~! ®,) and therefore we
estimate a unique least squares solution of the Gauss-Markov model (2.96) by

d;=(®, D) &) &, D) f (2.98)
see e.g. KocH (1999).

In the other case if the matrix @ is not of full column rank we cannot invert the matrix (®/, D(f)~! ® )
and hence a unique least squares solution of the Gauss-Markov model (2.96) does not exist. In this
case none of the ¢1,...,¢, lies in the support of a function ¢ and we cannot estimate the corresponding
detail coefficient d s ;. We may then cancel out the corresponding addends from equation (2.94) and finally
achieve a reduced matrix ® ; of full column rank and can proceed as in the first case. In our applications
we will also apply another method: we introduce prior information to stabilize the estimation process, i.e.
we define an additional linear model for the prior information. We do not discuss this method here but
more details will be presented in section 3.3.2.
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e decomposition of the signal

In the second step we want to compute the smoothed signal f; € V; of the original signal f € L%([0, 1]).
With the coefficient vector d; we can define analogous to equation (2.85)

fr(z) = ®)(x)dy,

!
wherein ® ;(z) = |:¢J)O({I;)7 ¢71(2), ... pgm,—1(x)| - Clearly f; € V; and since V; C L?([0,1]) we call it
a level J approach of the original signal.
With the decomposition relations (2.90) and (2.91)

dj—1 =P;d;,
cj-1=Q;d;

we can compute the level J —1 coefficient vectors d ;1 and cy_; from the level J scaling coefficient vector
d ;. Therefore we can stepwise decompose the coefficients down to level jg, 0 < jo < J — 1, i.e. we can
compute the coefficient vectors dj, and cj,,...,cs—1 (compare the decomposition scheme (2.60)). With
these coefficients we can calculate the corresponding signals f;, and g;, i = jo,...,J — 1 via equations
(2.85) and (2.86) and get the decomposition

J—1
f1(@) = fio() + ) gil).

i=Jjo

We just have to save the scaling coefficient vector of the lowest resolution level d;, and all the detail
coefficient vectors cj,,...,c _1; from those we can perform a reconstruction of the signal as described in
the next step.

Note, the coefficient vector d; saves the structures of the signal f; € V;. With the decomposition relation
we get the coefficient vectors dj_; and cy—;. In the coefficient vector d ;j_; the coarser structures of the
signal are saved while in the coefficient vector c;_; the fine structures that distinguish V; from V;_; are
saved. Note, the number of coefficients in dy_; is less than the number of coefficients in d, i.e. to save
coarser structures clearly less coeflicients are necessary than to save the fine structures. But of course the
number of the coefficients in d; is equal to the sum of the number of coefficients in d ;_; and the number
of coefficients in cy_1,i.e. my=my_1+njy_1.

reconstruction of the signal
From the reconstruction relation (2.93)

d;=P;d;-1+Qscy

we can calculate the level J scaling coefficient vector d ; from the level J —1 scaling and wavelet coefficient
vectors dy_1 and cy_1.

Hence from our scaling coefficient vector d;, and wavelet coefficient vectors cj,,...,cs—1 we can recon-
struct stepwise the scaling coefficient vectors dj, 41, ...ds and therefore we can reconstruct our approach
fs € V; (compare the reconstruction scheme (2.62)).

data compression

The concept of a MSA leads us to an effective method for data compression. Instead of saving the
m, coefficients in the vector d; for the approach f; € V; we may save the m;, +nj, + ... + nj_1 =
m, coefficients in the vectors d;, and cj,,...,cs—1. From this representation we can perform a data
compression. We apply the simplest thresholding algorithm:

(1) Fix a threshold € >0

(2) For i = jo,...,J —1if ;] < € weset ¢, = 0 for k = 0,...,n; — 1. Let n. be the amount of
coefficients set to 0.

From this algorithm we gain the new coefficient vectors €p,...€ ;-1 where the nonsignificant structures
are neglected. With the reconstruction relation (2.93) we gain a signal f; which is an approximation of
the signal f;. Information about the quality of approximation we may get from the root mean square
(rms) value of the deviations and from the correlation between the signals f; and f;, for the definitions
of the rms value and the correlation compare definitions D.2 and D.3.
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The compression rate p is given with p = =< wherein n. is the number of coefficients that have been
neglected in €j,...,€;_1. It holds 0 < p < 1, i.e. the more coefficients were neglected the higher becomes
the compression rate p.

Data compression is an important tool in digital signal processing:

— With the data compression algorithm we can reduce storage space of digital data. Of course it is
important that the influence on the quality of the data is small, i.e. no significant information should
be lost.

— In real time data processing it is an important tool because the huge amount of data often exceeds

the capacity of the transmission line.

Besides this simple algorithm for data compression there are other algorithms but we will not discuss
them here. For more details see e.g. OGDEN (1997), chapter 8. In section 3.3.3 we will compare this data
compression algorithm with a more flexible algorithm and we will see that we can achieve better results
for more flexible algorithms.

2.4 n-dimensional B-spline model

For the n-dimensional model we will use tensor product techniques. For a short introduction to tensor products
of Hilbert spaces see, e.g., WEIDMANN (1976).

2.4.1 n-dimensional tensor product scaling and wavelet functions

We intend to perform a MSA on L?([0, 1]™), hence we have to choose a n-dimensional scaling function ¢{{ (x), with
levelsj = (j1,..., jn) € N§, shifts k = (k1,....kn), ks = 0,...,mj,—1fori=1,...,nand x = (z1,...,z,) € [0,1]™
Here we use a tensor product of our 1-dimensional scaling functions and define

B (x) = o1 (21) - ¢ (w2) ... B1 ()

as the n-dimensional tensor product of 1-dimensional normalized endpoint-interpolating B-splines with k; =
0,...,mj;, i =1,...n. Note, here for more clarity we use a superscript index j for the levels and a subscript
index k for the shift of the scaling functions. We will adopt this notation also for the coeflicient vectors and

. o / _ _ /
Jj — J15eee In NARIRED In J — 1yeeey Jn 1yeeey Jn
write d) = |dg- g de e ll and ¢ A b 1
en a tensor product of 1- d71men81ona1 scahng spaces Vj,,...,Vj , ie.

The n—dlmensmnal scahng space V- Is t
=V @V, ®...0V,.
According to the 1-dimensional relation V; = V;_1 @ W;_1 we can decompose the scaling space Vj into

Vi= (Vi1 @Wj-1) @ (Vipm1 @ Wj,—1) @ ... @ (Vj, 1 & Wi, ). (2.99)

Evaluating the products leads us to altogether 2" n-dimensional tensor product spaces:

Vici=V;a0V,a19...0V;, (2.100)
Wiy =Vpa®...0V, , 1 0W; (2.101)
Wi271 ‘/71_ : ® ‘/.vjn72_1 ® anfl_l ® V‘n_l (2'102)
Wiy =Wi10V,a®...0V), (2.103)
Wi71+1 - ‘/71_ : ® ‘/.vjn72_1 ® anfl_l ® W‘n_l (2'104)

WX =W 1@, W, (2.105)
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With the corresponding scaling and wavelet functions of levels j
x) = 0l (21) - o (w2) - O ()
00 = ¢ (@) - 0 (@) U ()
WP = 6 (w0) o O () T () - O ()

U (%) = Of) (1) - O (@2) - - G ()

jin+1 i n jn
) = O (@1) - O (@na) O (@) - O (2n)
on 1 ) .
U T ) =g () gy ()
with k; = 0,...,m; — 1 for a 1-dimensional scaling function (b on the ith position of the tensor product or
ki=0,...,n;,—1 for a 1-dimensional wavelet function wk on the ith position of the tensor product, i =1,...,n.

From equation (2.99) we get
Vi=ViaeW,e...eW (2.106)

by evaluating the products and inserting the notations (2.100) to (2.105) for scaling space and the detail spaces.

In the 1-dimensional model the ¢;;, k =0,...,m; — 1 form a basis of the scaling space V}, we can extend this
property to the n-dimensional tensor product model and get:

e the n-dimensional functions ng*'k, ki =0,...,mj, —1 and i = 0,...,n form a basis for the n-dimensional
scaling space Vj.

e the n-dimensional functions wf.{, with k; =0,...,m;, —1or k; =0,...,n;, — 1 for a scaling function (;5,7;
or a wavelet function 1/117 on the ith position of the tensor product, respectively, and i = 0,...,n, form a

basis of the n-dimensional detail spaces Wj.

Now we want to extend the properties of a MSA on the bounded interval to the n-dimensional case.
From the equation (2.71) we get for the scaling spaces V; = V; the property

1seeesdn

in © Vit 51 <1, G2 < gy +vy dn S e (2.107)

.....

Equality holds if j1 = ji, jo = jb, -+ -, jn = j.,. Hence we have an equation similar to equation (2.63).
The second property (2.64) we can easily extend to the n-dimensional case with equation (2.72) it follows

L2([0,1]")

U U Vi in = L2([0,1]"). (2.108)

2.4.2 Decomposition and reconstruction in 4 dimensions

For simplification we will explain the decomposition and reconstruction for the 4-dimensional case. The n-
dimensional case can be constructed analogously for n € N.

Now we extend the B-spline approach for signals f € L?([0, 1]) to a B-spline approach for signals f € L?([0, 1]*).
As in the 1-dimensional model we want to compute an approach fy € Vj of highest resolution levels J =
(Jl, JQ, Jg, J4) We define J — 1 = (Jl — 1, J2 — 1, Jg — 1, J4 — 1) and J — io = (Jl — io, JQ — io, Jg — io, J4 — ’Lo)
According to equation (2.106) we can decompose

fi=fica+gi .+ + 9.21 ey
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wherein the fy_; € Vy_; and g§_, € Wy_; forv =1,..., 24 — 1. As in the 1-dimensional case these signals
are defined via scaling coefficient vectors d?~1 and ¢?~1%; the exact definitions will be presented later. We will
extend the decomposition relations (2.90) and (2.91) and the reconstruction relation (2.93) to the 4-dimensional
case and get a similar decomposition and reconstruction algorithm for 4-dimensional signals.

e computation of the scaling coefficients
We suppose to have given measurements f(p;) + e(p;) at the discrete points py,...,pn € [0, 1]*, with
pi = (vi, i, zi, ti), © = 1,...,n. To compute the my, - my, - my, - my, X 1 scaling coefficient vector

dg,o,o,o
dJ = of the highest resolution levels J = (J1, J2, J3, J4) we have to solve
dJ

my, —lmy,—1mys—1my,—1
the linear equation system

f(p1) e(p1) P1
f(I')Z) " e(p2) _ Y p'z a7
f(Pn) e(pn) Pn

with the n x mj, - my, - my, - mj, matrix

P1
p ¢g,0,o,0(P1) ------ ‘r]n,jl71,m,7271,m,7371,m,7471(p1)
2
@J _ . .
p ¢b].,0,0.,0(Pn) ------ gn,jl71,m,7271,m,7371,m,7471(pn)
n

Note, each column of the matrix ®7 refers to a scaling function gb‘,:h ko.ks .k, D€ order of these columns can
be chosen arbitrarily but we have to choose the same order for the coefficients d‘;l) ko ks kg 1L the vector
d’. From now on we assume that the order is always chosen consistently.

Analogously to the 1-dimensional case each scaling coefficient dgiiggg,ﬁ corresponds to a compactly sup-
ported scaling function ¢iii§1}]§k]} ki=0,...,my;, —1land i = 0,...,4. Hence it is only computable if

an observation is given in the support of the scaling function. We can establish a Gauss-Markov model
and solve it with the same strategies as in the 1-dimensional model introduced in chapter 2.3.5. We will
not repeat the strategies here.

With the level J scaling coefficient vector d? we can define the smoothed signal fy € Vj via

f3(p) = @' (p)d’ (2.109)
wherein
®'(p) := {953,0,0,0(1’) JmJl—1,m12—1,mJ3—1,mJ4—1(p)} : (2.110)

If we assume to have measurements on a fixed grid for x = (z1,...,%5,), ¥ = (Y1, -, Yn, ), Z2 = (21, -, 2n.)
(z1,91,21,t1)
and t = (t1,...,t,,). Le. we have ng - ny - n, - n, measurements : on the grid. Then
(2n, Ynys Znzs tn.)
(z1,91,21,t1)

we can represent the (ng - ny, - n, - ng) X (my, -my, - my, - my,) matrix &7 : as a

(xnm yYnyy Pnzs tn,)
Kronecker product of the four matrices ®”/1(x), ®I2(y), ®72(z) and ®71(t), i.e.

(1,91, 21, 1)
@’ : =7 (t) @ @7 (2) © B (y) ® @71 (x)

(:Enz yYny s Znss tnt)
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bay.0(x1) <o Duymy, —1(71)

wherein ®71(x) = and ®”2(y), ®/3(z) and ®’4(t) are defined analo-

¢J170(Inz) s ¢J17m.71*1('rn1)
gously. Less evaluations of the B-spline functions are necessary if we compute the matrix
(z1,91,21,11)

i as the Kronecker product of the 4 single matrices.

(wnz yYnys Znss tnt)
The order of the matrices in the Kronecker product determines the order of the elements of the product
matrix. I.e. we have to adapt the order of the matrices in the product to the order of the coefficients in
the coefficient vector d7.

e decomposition of the signal
For a decomposition of the signal fj € Vj we want to compute the level J — 1 scaling and wavelet coef-

ficient vectors d?~! and ¢?=1¥, v = 1,...,2% — 1 from the level J scaling coefficient vector d?, wherein
/
J—1;1 _ | Ji—1,Jo—1,J3—1,Ja—1;1 J1—1,J2—1,J5—1,J4—1;1 ; _
c = [€00.0.0 o g e Lm g Ly —1 corresponding to the wavelet func
: Ji1—=1,J2—1,J3—-1,J4—1;1 _ _ _
tions ¢k17k27k37k4 5 kl —0,...,mJ1_1—1, kz —O,...,sz_l—l, ]{3 —0,...,mJ3_1—1 and
ky=0,...,n7,1—1;for v =2,...,2% — 1 the coefficient vectors are defined analogously. We can extend

the 1-dimensional decomposition equations (2.90) and (2.91), i.e.
dj1=P;d;
cj1=Q;d;

to the following equations

d"'=P,, 9P, 0P, @P,)d’ (2.111)
IV =PL,eP,oP,L®Q,)d’ (2.112)
12 =P,eP,0Q,oP,)d’ (2.113)
P =P,2Q,0P,oP,)d’ (2.114)
M =(Q,,0oPL,aP,0P,)d’ (2.115)
I =P,eP,2Q,Q,)d (2.116)
M =P,2Q,0P,L2Q,)d (2.117)
I =(Q,,®P,,0P,,2Q,)d (2.118)
T =P,2Q,2Q,,aP,)d’ (2.119)
I =(Q,,oPL2Q,eP,)d (2.120)

= (Q,,®Q,,®P,,0P,)d’ (2.121)
dTH=(PL0Q,0Q,®Q,)d (2.122)
cd T = (Gh QP ® GJg ®Q]1) d’ (2.123)
R (Q;,®Q,, ®P,,®Qy) d’ (2.124)
d P =(Q,,®Q,®Q,aP,,)d’ (2.125)
I = (Gh ® GJg ®QJ2 ®Q]1) d’ (2.126)

wherein ® denotes the Kronecker product of matrices.
These extensions are not very hard; one just has to extend the equations in the derivation of the decom-
position and the recursion relations to the n-dimensional case. This requires some work; one hast to write
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out all of the products and we will not discuss this here; for similar work see e.g. SCHMIDT (2001) section
4.4.4. or OGDEN (1997) chapter 9.
Now we can decompose the signal

fi(p) = @' (p)d’

241
_ @J—l(p) dJ—l + Z \I,J—l;u(p) CJ—l;u
v=1
241
= fa-a(P)+ ) 95_1(p) (2.127)
v=1

into the smoothed version

fi-a(p) =@ Y(p)d’ (2.128)
and the 2% — 1 detail signals

g5_1(p) =¥ (p)ed v v =1,...2" — 1, (2.129)
wherein W71 (p) is defined analogously to ®7~1(p) (compare equation (2.110)), e.g.

J-1;1 J-1;1 J-1;1
W () = [0 Eh®) - It ()] (2.130)

Note, the subscript indices depend on the definitions of the wavelets.
With the decomposition relations (2.111) to (2.126) we can compute the scaling coefficient vector d¥ of

levels jo = (J1—10, Ja—io, J3—io, Ja—ip) and the detail coefficient vectors cov eIy =0,...,2%—1,
for a 1 < iy < min(Jy, Jo, Js, Jg). With these coefficient vectors we can calculate analogous to the 1-
dimensional case the corresponding signals fj, and g ,...,g5 4, v =1,..., 24 — 1 (the definitions are

given in equations (2.128) and (2.129)) and get the decomposition

Z() 271

f( f.]o +ZZQJ1

i=1 v=1

e reconstruction of the signal
Now we again want to compute the level J scaling coefficient vector d? from the level J — 1 scaling
and wavelet coefficient vectors d?~! and ¢! =1 for v = 1,...,2* — 1. The reconstruction relation in the
1-dimensional case d; =P ;d j_1 + Qs cyj_1 has to be extended to

d? =P, oP, 0P, 0P, )d 1+

(P, ®PL, 3P, 2Qs)c X + ... +(Qs®Qy ®Qy,®Qy)cd 121, (2.131)

Note, in the reconstruction equation the Kronecker product corresponding to the coefficient vectors ¢? =1

is analogous to the Kronecker product in equations (2.112) to (2.126) corresponding to the coefficient
vectors ¢? =1 only the matrices P; and Q ; are interchanged with the matrices P; and Q, respectively.
As for the decomposition equation the extension is not very hard and only the equations needed for the
derivation of the relation have to be extended, we will not discuss this here.

e data compression
As in the 1-dimensional case we may perform the data compression algorithm. We can adopt the concept
and will not repeat it here.

For the multi-dimensional model a new aspect arises: In the 4-dimensional model we may want to smooth
the signal of levels J = (Ji, Ja, J3, J4) just in one dimension, e.g. we want to derive a signal of levels J/' =
(J1 — 1, J2,J3,J4). Here we will only discuss this case, we may also smooth in two or three dimensions. The
concepts have to be adapted. In the decomposition relation we then have to exchange the matrices Fji and
jS, 1 = 2,3,4, corresponding to the dimensions we do not want to change in the coefficient equations (i.e. the
matrices corresponding to the levels Js, Js3 and J4) with unit matrices, i.e.

d,]lfl.,Jz,J37J4 — (14 ® 13 Q 12 ® FJI) d‘] (2132)
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wherein I, is a mj, X mj, unit matrix and Is and I are defined analogously. Analogously we have to work for
the decomposition relations for the detail coefficient vectors ¢(/t=1:/2:73:74) hut some of the equations coincide
and we have only 1 = 2! —1 resulting detail signal. This corresponds to the 1-dimensional decomposition where
we get only 1 detail signal.

Analogous we then have to work for the reconstruction but we will not go into more details.
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Chapter 3

Application

3.1 Observations

In the following we always work in an Earth-bounded coordinate system. The origin of the coordinate system is
the center of the Earth, the zy-plane is the equatorial plane and the z-axis is perpendicular to the equator and
therefore coincides approximately with the rotation axis of the Earth. We consider a receiver R = (Agr, ¢r, hr)
and a satellite position S = (Ag, g, hs) given in spherical coordinates A = longitude, ¢ = latitude and h =
height over the spherical Earth with radius R, (we assume the Earth is a sphere Qp_ with radius R.). The
corresponding geocentric position vectors are xg and xg. To be more specific, the geocentric position vector x
of a point P = (A, ¢, h) is defined via

x = |x| - [cos ¢ cos A, cos ¢ sin A, sinp]” = |x]| - T, (3.1)

wherein |x| = R, + h is the radial distance, r denotes the corresponding unit vector.

3.1.1 Electron density from GNSS

Dual-frequency GPS (Global Positioning System) receivers register P-code and carrier phase measurements on
the two frequencies f1 = 1.5 GHz and f; = 1.2 GHz. We can formulate observation equations for both, P-
code and carrier phase measurements. P-code observations are not ambiguous but have the disadvantage that
the random noise is almost 100 times larger than for carrier phase measurements, hence we consider here the
observation equation for carrier phase measurements.

We formulate the so-called geometry free linear combination of simultaneous phase observations ¢ (R, S,t) and
¢2(R, S,t) on the frequencies f; and fo as

P4(R,S,t) = $1(R, S, t) — ¢2(R, S, t) =
:a'STEO(RaSat)+ﬂR+BS+6R,S_8(R5Sat)7 (32)

see SCHMIDT ET AL. (2007b). In this equation Sr and s mean the inter-frequency differential delays of the
receiver R and the satellite S (for more details on these terms see, e.g., BRUNINI ET AL. (2003)), Br,s is the
combination of the carrier phase ambiguities on both frequencies f; and fa, v is a constant and e(R, S, t) is the
corresponding observation error. The slant total electron content (STEC) is defined as the integral of the
electron density along the ray-path between receiver R and satellite S:

S
STEC(R, $,1) / N\, b, t)ds. (3.3)
R

N(\ ¢, h,t) denotes the space- and time-dependent 4-dimensional electron density. Note, the ray-path of the
signal actually is a path that starts at the satellite S and ends at the receiver R. But we will neglect the
transmission time of the signal and therefore always consider ray-paths from receiver R to satellite S.

From equation (3.2) we gain information about the STEC along the ray-path between receiver R and satellite S.
The ambiguity term Br g is computable within a pre-processing step. The observation ¢4 contains neither the
satellite-receiver geometry nor frequency-independent biases, because these terms cancel out in the subtraction
of the simultaneous measurements ¢; and ¢o; see SCHMIDT ET AL. (2007Db).
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3.1.2 VTEC from occultation measurements

COSMIC/FORMOSAT-3 is the Constellation Observing System for Meteorology, Ionosphere and Climate and
Taiwan’s FORMOsa SATellite Mission #3, a joint Taiwan-U.S. project. The six COSMIC satellites were
successfully launched on April 14th, 2006. Over the first year, the satellites have been gradually boosted
from their initial orbits of 400 km to their final orbits of 800 km. The COSMIC satellites are so-called low-
Earth-orbiting (LEQO) satellites. Each spacecraft is equipped with three instruments, namely a GPS occultation
receiver, a tiny ionospheric photometer and a tri-band beacon; see LIN ET AL. (2007).

A GPS-LEO occultation geometry is shown in Figure 3.1. When a GPS satellite sets or rises behind the Earth’s
ionosphere as seen by a LEO satellite, the GPS radio signals are received by the LEO satellite. Each occultation
therefore consists of a set of limb-viewing links with tangent points P ranging from the LEO satellite orbit
altitude to the surface of the Earth. Two types of GPS observations can be used to apply the Abel inversion:
the bending angle o and the STEC. It is possible to apply the Abel inversion on the STEC data in order to
obtain the electron density expressed as function of height. These retrieval process generally assumes spherical
symmetry of the electron density at the occultation position. It is obvious that this assumption is almost
never true. An improved Abel transform has been developed by Tsai and Tsai; see TSAT AND TSATI (2004)
and GARCIA-FERNANDEZ (2004).

Geocenter

Figure 3.1: Scheme of the occultation geometry. The LEO satellite and the GPS satellite are shown. o denotes the
bending angle; see GARCIA-FERNANDEZ (2004).

3.1.3 VTEC from altimetry

We can also derive information about the ionosphere from satellite altimetry missions with double-frequency
radar altimeter on-board, such as Topex/Poseidon and Jason-1. Topex/Poseidon was launched in August
1992 and was operational till October 2005, it observed the ocean circulation. The follow-on mission of
Topex/Poseidon is Jason-1; it was launched in December 2001 and it has inherited the main features, i.e. orbit,
instruments, measurement accuracy, etc. The orbit altitude of the two missions is 1336 km. The Topex/Poseidon
and the Jason-1 mission are joint projects between NASA (National Aeronautics and Space Administration)
and the French space agency CNES (Centre National d’Etudes Spatiales). The primary sensor of both satellites
is the Nasa Radar Altimeter operating at 14.6 GHz (Ku band) and 5.3 GHz (C band) simultaneously. The
measurements of the height of the satellite above the sea (satellite range) made at the two frequencies allow,
among other information, to obtain the ionospheric vertical total electron content (VTEC).

To assess the precision of the VTEC from GNSS and from satellite altimetry these two techniques have often
been compared. Generally, the agreement between GNSS and altimetry derived VTEC is good, but there are
still some contradictions. Several studies have shown that the VTEC derived from Topex/Poseidon and Jason-1
are greater than the values from GNSS. This is a contradiction because in opposite to GNSS, the altimetry
satellites do not sample the whole ionosphere due to their lower orbital altitude and therefore the VITEC values
from satellite altimetry are expected to be lower. On the other hand, most of the ionospheric models from
GNSS data are based on the single layer model, which does not account well for the ionospheric contribution
above the altitude of the altimetry missions. For the single layer model, the STEC values derived from GNSS
measurements have to be converted into VIEC by a mapping function, while the altimetry missions deliver
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directly the VTEC values. The mapping function used for this convertion is also a potential error source for
the GNSS VTEC estimates. Finally for comparing with altimetry VI'EC, the values derived from GNSS have
to be interpolated for regions far from the observing stations - that is above the oceans, i.e such comparison are
performed in the worst scenario for GNSS; see TODOROVA ET AL. (2007).

3.1.4 Ionosonde measurements

Tonosondes are terrestrial instruments that observe the ionosphere. A ionosonde works with the radar principle.
Short pulses in the frequency range from 1 to 40 MHz are vertically transmitted and received after ionospheric
reflection. With increasing frequency, the reflection is weaker and therefore the pulses enter deeper in the iono-
sphere before they are reflected. The amplitude, runtime, doppler shift, polarization and angle of incidence can
be derived from the ionospheric echo. A ionogram is the representation of the reflected signals versus time or
frequency. From ionosondes we can derive profiles of the electron density for heights from 100 km to 250 km.
We can, e.g., use ionosonde observations for a validation of GPS derived electron density profiles. For more
details see www.iap-kborn.de, http://de.wikipedia.org, LIN ET AL. (2007) and Figure 4.1.

For the different observation types it is always common to subtract a reference model from the original obser-
vation, e.g. for a observation y(R, S) we write y(R,S) = yref(R,S) + Ay(R, S) wherein y,.f(R, S) means the
reference model and Ay(R, S) is the correction term.

3.2 Different options

3.2.1 2-dimensional approach

In the 2-dimensional approach we work with measurements f (A, ), wherein A is the longitude and ¢ is the
latitude. Let us assume to have given 2-dimensional observations

f, i) fori=1,..., M.

Since we want to work regionally our measurements (\;, ¢;), i = 1,..., M, lie in a specified region [Amin, Amaz] X
[©min, Pmaz]. Now we want to apply our B-spline model as introduced in section 2.4 (we will adopt all the
notations from this chapter and fix the dimension n = 2). To apply the B-spline model we have to evaluate
the B-splines at the positions (A, ). Since our B-splines are defined on the interval [0, 1], we have to transform
Mnins Amaz] X [@min, Pmaz] to the unit square [0, 1] x [0, 1]. Then we can assume our measurements to be given
in the unit square [0,1] x [0,1] and can perform the evaluation of the B-splines. The transformation of the
coordinates (A, ¢) € [Amin, Amaz] X [Pmin, @maz] into the coordinates (z,y) € [0,1] x [0,1] is defined via the
equations

oo and 4
Y — Pmin
y = P Pmin_ (3.5)
Pmaz — Pmin

In order to avoid confusion we will not distinguish between these two notations. For the evaluation of the
B-splines we always mean the values in the unit square, i.e. we write ¢iifi§(/\, ) but we mean ¢£i§ (z,y).

We assume f(\, @) € L2([0,1]?).

Since the scaling spaces Vj, j, lie dense in L%([0,1]?) (see equation (2.108), i.e. U s0.550 Vi,
= L?([0,1]?)) and equation (2.107) (i.e. Vj, j, € Vj; j; if ji < ji and jp < j5) we can approximate the signal f
arbitrarily well:

L2([0,1]%)

Ve >0 3 Jy, Jo such that 3f;, 5, € Vy, g, with fj, J, ()\’ 90) — ((I)Jl-,Jz ()\’ (,0))/ .47 2

!
: Ji,Ja J1,J2 J1,J2 J1,J:
wherein d”*72 = |dyi5™* ... d and ®71"2(\ )

m.y 71.,m,]2 —1

pare equation (2.109)) such that

!
(675570 ) - 007 1 1M 9)] (com-

If = fo,mlleo2) <€ (3.6)
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The functions gbiiﬁ, k1 =0,...,my;, —1 and ks = 0,...,my, — 1, denote the 2-dimensional tensor product
B-spline scaling functions with levels J; and J; defined on [0, 1] x [0, 1] (for the exact definition see section 2.4.1)

the vector d”/1”2 denotes the B-spline scaling coefficient vector.

Now we will repeat here the main steps of the B-spline model.

We fix the resolution levels J; and J; and want to estimate a level (Jy,.J2) approximation fy, s, of the signal
f, i.e. we have to estimate the coefficient vector d”*»/2. Hence with the observations f(\;,¢;), i = 1,..., M,
we establish the linear model

FOas 1) e\ 1) 007 M) o G ()
: —+ = : . dJ1.,Jz (37)
F(Aar,o0r) e(Aur, onm) Jl’Jz (A, o) - - ¢,‘Q}f2_1,mJ2_1()\M, ©nr)
wherein d”1’/2 contains the initially unknown B-spline scaling coefficients and e(\;, ¢;), i = 1,..., M, are the

li
measurement errors. With the covariance matrix D (f) = o} Pf_1 for f = [f(,\17 ©1) ... f(r, QPM)} this lin-

ear equation system corresponds to the Gauss-Markov model (2.96). o7 denotes the unknown variance fac-
tor and Pg¢ is the given positive definite weight matrix of dimension M x M. Hence the solvability of the

A1, @1,
Gauss-Markov model depends on the column rank of the M x (my, - my,) matrix ®/1:72 =
AM, oM
JlJzO\la‘Pl) ¢1{@1};]2—1,mJ2—1(/\17<P1)
: : with M > (my, - my,). For more details on the solvability of the
0 J2(AM,¢M> I OV YNTIV

Gauss— Markov model compare section 2.3.5.

With the estimated coefficient vector d/1:/2 we model the signal f;, 7, (), ¢) of fixed resolution levels J; and J»
(compare equation (2.109))

my; —1my,—1

Frae)= 3 Y diizeliz(e). (3.8)

k1=0 ko=0

As explained in chapter 2.4 we can now perform a decomposition of the signal fj, ;, into a smoothed version
Jrn-1,0,—1 and detail signals g% _; ;, 1, v =1,. .,22 — 1. For the 2-dimensional model there exist altogether
22 — 1 = 3 detail signals. The 31gna1 A represents f on the scale (Jy,J2) while the signal fr,_1 7,—1
represents f on the scale (J; — 1, Jo — 1) the detail signals 99, -1.5,—1> V= 1,...,3, contain the structures that
distinguishes f, s, from fj,_1 j,—1. The smaller the levels (J1, J2), the coarser is the approximation f;, s, and
the less coeflicients are necessary to save the approximation fy, j,.

According to equations (2.128) and (2.129) in section 2.4.2 the formulas of the smoothed signal and the detail
signals are the following:

my;—1—1my,—1—1

Friotnmae)= > > dr el ) 62 (e), (3.9)

k1=0 ko=0

my—1—1nj,—1—1

911,751 ( Z Z ii,_kjh_ll¢h ge )¢J2 (o) (3.10)

k1=0 ko=0

nj—1—1my,—1—1

951,731 Z Z Cii TR N 627 () (3.11)

k1=0 ko=0

nj—1—1nj,—1—1

951,751 ( Z Z ;ﬁ,_ki’b_lgﬂf‘]l N2 ). (3.12)

k1=0 ko=0

With the concept of a MSA we have now decomposed the signal f into a smoothed version of the signal f7, 1 7,1
and the corresponding detail signals g% _; ;, 1, ¥ =1,...,3 these signals are defined via the coefficient vectors
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dJl—l,Jg—l —1,J2—1;l/

and c’t , respectively; compare section 2.4.2. Now we can apply the data compression al-
gorithm introduced in section 2.3.5. We neglect those coefficients in the vectors ¢/t =57/2=1v 1, = 1,23, whose
absolute value is lower than a specified threshold € > 0 and gain the coefficient vectors €/t =572~ 1, =1 2 3.

That means we neglect the non-significant structures of the detail signals g _; ;,_;, ¥ =1,...,3 and get the
new detail signals ¢% ; ; ;, v =1,...,3. By applying the reconstruction algorithm we also get a new signal
le yJ2e

With the 2-dimensional approach we can, e.g., model the VI'EC(R, S,t). Working with the 2-dimensional
model in longitude and latitude there is no consideration of the time, hence we have to perform a discretization
in time and we have to estimate time-dependent B-spline scaling coefficients. In the following we will describe
the 3-dimensional and the 4-dimensional approaches, these are analogous to the 2-dimensional approach and
not all of the details are repeated.

3.2.2 3-dimensional approach

In the 3-dimensional approach we may consider either measurements in longitude, latitude and time or mea-
surements in longitude, latitude and height. In the first case we may approximate, e.g., the VI EC(R, S,t) as
in the 2-dimensional approach but instead of a discretization in time, we have a third scaling function in the
temporal direction and therefore we can estimate time-independent B-spline scaling coefficients. In the second
case we approximate signals in the 3-dimensional space (longitude, latitude and height), e.g., the electron den-
sity N(x,t). Since there is again no consideration in time in this 3-dimensional model we have to choose a
discretization in time and have to estimate time-dependent coeflicients.

Let us assume we have given 3-dimensional observations in longitude, latitude and height

f()\i,goi,hi) for 1 = 1,...,M.

The observations f(\;, pi, hi), i = 1,..., M, are given in a specified region [Mnin, Amaz] X [©min, Pmaz] X
[Nmins Pmaz]- To apply the 3-dimensional B-spline model as introduced in section 2.4.2 we have to transform
Anins Amaz] X [©mins ©maz] X [Pmin, Pmaz] to [0,1] x [0,1] x [0, 1]. The transformation equations can be found
analogously to the 2-dimensional approach (compare equations (3.4) and (3.5)). As before we will not distinguish
between these two representations and for the evaluation of the B-splines we always mean the values in [0, 1] x
[0,1] x [0, 1].

As in the 2-dimensional approach we suppose f(\,¢,h) € L%([0,1]®). Since the scaling spaces Vj, s, s, lie
dense in L*([0,1]%) and Vj, j, j, © Vjr jo.j0 if 51 < J1, jo < jb, and jz < jb. (compare equations (2.107) and
(2.108)) we can approximate the signal arbitrarily well by a signal fs, 5,7, € Vi, 05,0, With fr, 5, 0,(A, . h) =

[¢g}d:{)2’J3 A, @, ) ... plT2ds (A, @, h)| - d77275 and the level (J, Ja, J3) scaling coefficient vector

my, —1l,my,—1,my,—1
J1,J2,J:
d7vJ2:7s
0,0,0
dJl,JQ.,Jg — (313)
dJl,J2-,Js

m.y 71,m‘]2 71,m,73 —1

(we will not go into details here but compare with the 2-dimensional approach).

Now we fix the resolution levels J;, J2 and J3 and want to estimate a level (Jp,Jo, J3) approximation of the
signal f, i.e. we have to estimate the coefficient vector d”1/2:/s. Hence with our observations f(\;, i, hi),
i=1,..., M, we establish the linear model

f()\17<p1;h1) e()\lawlahl)
: + : =®Tu 0l gl s, (3.14)

F(Aar, o, har) e(Anr, ons hor)
wherein

J1,J2,J. J1,J2,J.
0,10.,02 (A, ha) ¢n;,71271,3m‘]271,m‘]371()\17<p1’hl)

¢J17J2>J3 — . (315)
Ji,J2,J; J1,J2,J.
¢0710)02 S(AMu YM, hM) tee ¢77iJ12—1?m12—1,m13—1(AM7 PM; hM)
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li
With the covariance matrix D(f) = of Pf_1 for f = [f()\h(pl,hl) f()\Ma(PMahM)} this model forms a

Gauss-Markov model analogous to equation (2.96). The quantities o and Pg¢ denote the unknown variance
factor and the given positive definite weight matrix of dimension M x M. For more details on the solvability of
the Gauss-Markov model again see section 2.3.5.

With the estimated B-spline scaling coefficient vector d”/1/2:/s we model the signal f, s, s, (A, ¢, h) of fixed
resolution levels .J;, Jy and J3 as

m]171m1271m7371

Jidass T2
Fris,05(A = > > > Al eniiieeh). (3.16)

k1=0 ko=0 k3=0

As described in section 2.4.2 we can decompose the approximation fj, 7, 7, (A, ¢, h) into a smoother ver-
sion fr,—1.0,-1,75—1(A, , h) of levels (J; — 1,Jo — 1,J3 — 1) and 7 = 2% — 1 corresponding detail signals
951_17J2_1)J3_1()\, o, h),v=1,...,23 -1, ie.

231

frgeas(As 0. h) = fo—1,0m-1,05-1( Zng 1,J2—1,05—1(A 9, ). (3.17)

The formulas for the smoothed signal and the detail signals are constructed analogously to equations (2.128)
and (2.129), i.e. they form the 3-dimensional analogon to the equations (3.9) to (3.12). All of the signals are
defined via their corresponding coefficient vectors, i.e. d/t=hJ/2=LJs=1 anq ¢/r—ble=LJa—lw 1y, — 7
Now we again may apply the data compression algorithm introduced in section 2.3.5. We will not repeat this
concept, for more details compare the 2-dimensional approach in section 3.2.1.

Note, in the approach explained before we used the height as a third coordinate but it can be interchanged with
the time. I.e. we can either use the 3-dimensional approach as an approach in longitude, latitude and height
and in this case have to choose a discretization in the time or we can use the 3-dimensional approach as an
approach in longitude, latitude and time. We have to choose the appropriate model for the given observations.

3.2.3 4-dimensional approach

The 4-dimensional approach is used for 4-dimensional signals. Observations are given in a 4-dimensional space.
In our applications we will consider spatio-temporal observations in longitude, latitude, height and time, hence,
there is no need of a discretization in time. We suppose the observations at positions (A;, @;, hi, t;), i =1,..., M,
lie in the specified region [Mnin, Amaz] X [©Pmin, @maz] X [Pmins Bmaz] X [Emin, tmaz). Now we want to apply the
4-dimensional B-spline model and therefore we have to evaluate the B-splines. Hence we have to transform the
region [Amins Amaz] X [Pmins ©maz] X [Rmin, Bmaz] X [tmin, tmaz] to [0, 1] x [0, 1] x [0, 1] x [0, 1]. The transformation
equations can be formulated analogously to the 2- and 3-dimensional model (compare equations (3.4) and (3.5)).
Note, for simplification we again do not distinguish between these two representations.

Let us assume we have given observations

Ff\i, @iy hiyty) fori=1,..., M

with (As, @i, iy ti) € [Amin, Amaz) X [@mins ©maz) X [Fmins Pmaz] X [tmin, tmaz]. As in the 2- and 3-dimensional ap-
proaches we assume f € L?([0,1]*). Since the scaling spaces Vj, s, .7, lie dense in L2([0,1]*) and Vj, j, js.ja C
Vis gy i1 <1, g2 < Ja, j3 < j3 and js < jj (compare equations (2.107) and (2.108)) we may approximate
the signal f arbitrarily well by a signal fr, j,.75,0:. € Vi, Jo, 05,04+

To estimate the coefficient vector d”/1-72:7s:74 for fixed resolution levels Ji, Jo, J3 and J; we establish the linear

model for the observations f(\;, @i, hi, ti), i =1,..., M,

J(A1,01,h1,t1) e(A1, @1, h1,t1)
: + : =
Lf(Aar, onrs b tar) e(Anr, onr, by tar)
J1,d2,Js,7 T1,d2,Js,T
0,10,02,0 DAL e b t) L (bn;hil?m;;71,m,7371,m,7471(Al? e1,h1,th)
,dJ17J2,J37J4' (3.18)
T1,da,d5, T1,da,d5,
(90,600 Qs onss vy tar) - @ T 1, —1ima, —1 (AM @ars b tar)
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/
With the covariance matrix D(f) = o7 Pf_1 for f = [f(,\h(pl’hl’tl) oo Oy 001, hass tar)| the model forms

a Gauss-Markov model analogous to (2.96) and for more details on the solvability of the system we again refer
to section 2.3.5. oF denotes the unknown variance factor and Py is the given positive definite weight matrix of
dimension M x M.

With the estimated coefficient vector d”1+7/2:73:/4 we may calculate the approximation f, s, ss.0. (A, ¢, h,t) of
the measurements of fixed resolution levels Ji, J2, J3 and Jy in space and time. The approximation f, 7,757,
is defined via

m.y —1 m.j, —1 m.jg —1 myy, —1

J1,J2,J3,J. J1,J2,J3,J.
Fromama e ht)y= 30 % 3 > el e by t). (3.19)

k1=0 ko=0 k3=0 ks=0

Starting with the approach fj, 1,,75.7. (A, ¢, h,t) we may decompose the signal with the concept of a MSA into
a smoother signal fy, _1,7,—1,75—1,7,—1 and the corresponding detail signals 951717J2717J3717J471, v=1,...,15
(compare the 2-dimensional and the 3-dimensional approach).

Then we can again apply the data compression algorithm introduced in section 2.3.5. By neglecting the detail
coefficients with absolute value lower then a specific threshold € > 0 we can save the data in a compressed way
by neglecting the non-significant structures.

Figure 3.2 gives an overview of the input strategies for the 2-dimensional, the 3-dimensional and the 4-
dimensional B-spline approaches. The multi-dimensional approach allows different input strategies:

e.g. VTEC(\, ¢), VTEC(A, p,t), N(\, ¢, h) and N(\, ¢, h,t). From these input data we will subtract the cor-
responding values of a reference model and continue to work with the residual input data. Here we will only
work regionally and apply our B-spline model. One can extend our model into a combined model with empirical
orthogonal functions (EOFs) or Chapman functions and work either globally or regionally; see e.g. SCHMIDT
ET AL. (2007b) and FELTENS (1998).

2D modeling 3D modeling 4D modeling
VTEC(A, ) VTEC(A, o, 1) N.(A, 0, h, t)
I N(%, ¢, h)

Subtraction of the corresponding values from the reference model;
here: International Reference lonosphere (IRI-2000)

¥

Residual input data (observations)
Area: global, regional, local

Parameterization:

Multi-dimensional B-spline-only expansions
Combined expansions (B-splines/EOFs, B-splines/Chapman function, etc.)

Figure 3.2: Overview of the input strategies of the multi-dimensional B-spline model (Ne(\, ¢,h) = N(\ ¢, h) and
Ne(\ @, ht) = N\, @, h, t)).

3.3 Selected applications

3.3.1 Electron density B-spline model for IRI

In order to demonstrate an application of the 3-dimensional B-spline approach we model the electron density
over South America.

We consider a region over Central and South America between 250° and 340° in longitude, —60° and 30° in
latitude (compare Figure 3.3) and between 100 km and 1200 km in height. We have given values of the electron
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density N (A, ¢, h,t) on a grid with a 2° spacing in longitude and latitude and a 25 km spacing in height on a
specified day for each hour ¢ € {0,...,23}. For this grid we have for a fixed t € {0, ..., 23} altogether M = 95220
observations of the electron density N (), ¢, h,t) computed from the International Reference Ionosphere (IRI)

N()\lu ©1, hlut)
which are saved in the observation vector N = :

N()\MagoMuhMat)
Now we apply our 3-dimensional B-spline model as explained in section 3.2.2. We want to model an approxi-
mation analogous to equation (3.16), i.e. we have to estimate a time-dependent coefficient vector d”/1/2:/s =

i, 2,
do g0 (t)

compare equation (3.13) to compute the approximation Ny, s, 7, (X, ¢, h,t) (note, the

del —1lmy,—1my;—1 (t)
coefficient vector is dependent of the time but for our further calculations this does not make any difference).
To estimate the coefficient vector d/+:/2/s we establish the Gauss-Markov model analogous to equation (3.14)

N +e=&/t/27s. q7120 with D(N) = o P! (3.20)

wherein 012\1 is the unknown variance factor and Py is the positive definite given M x M weight matrix of the
e(A1, 91, h1,t)
observations. e = denotes the error vector and ®71-/2:/3 is the matrix wherein the B-spline

6()\M, ©OM, hM, t)
values are saved as defined in equation (3.15).
Since for J; = Jo = J3 = 5 it holds M = 95220 > ms - ms - ms = 343 = 39304 and the observations are
evenly distributed the matrix ®°°° has full column rank (the scaling functions ¢5 %, k = 0,...,m5 — 1 are
linear independent; compare Theorem 2.28) and we can estimate the unique least squares solution according
to equation (2.98). We do not have to introduce prior information. I.e. we gain the coefficient vector d/ 275
and therefore can compute the approximation

m;l 1m72 1m].gfl

¢ 5J1,J. ,J J o, J
Nom s hot) = > Y > di il () ¢k (A o, ) (3.21)
k}l 0 kQ 0 kg_o

defined analogous to equation (3.16).

Figure 3.3 shows the results of the B-spline approach. The left column shows the electron density input
data N (X, @i, hi,t) computed from IRI, ¢ = 1,..., M, for the specified time ¢ = 14 : 00 UT and selected
heights h; € {225,250,275,300} km, we computed the values on the grid in longitude and latitude, i.e. \; €
{250,252,...,340} and ¢; € {—60,-58,...,30}. The mid column visualizes the corresponding level (5,5,5)
approx1mat10ns N5 55N, @i, hist), i = 1,..., M and the right column shows the deviations N(\;, i, hi,t) —
Ns 5.5(Ais @i, hiy t). The root mean square (rms) values of the deviations are between 0.003 x 109 [electrons/cm?]
and 0.007 x 10° [electrons/cm?].

Figure 3.4 a) shows a height profile of the electron density in Bogota in Colombia. The crosses are computed
from the IRI, the solid curve is the level (5,5,5) approximation from the B-spline approach. The rms value
of the deviations amounts 0.0013 x 10° [electrons/cm?®]. The panels in b) show selected temporal profiles for
24 hours at heights h = 300 km and h = 325 km for Bogota (again: crosses = IRI model, line = level-(5,5,5)
B-spline approximation). The rms values of the deviations amount 0.0042 x 10° [electrons/cm?] and 0.0019 x 10°
[electrons/cm?®], respectively.

We will use the coefficient vector d/+/2:73 of levels (J1, J2, J3) = (4,4, 4), (3,3,3) and (2,2, 2) at time ¢ = 14 : 00
UT for a simulation of the input data in the next section.
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Figure 3.3: FElectron density values from IRI (left panels), the corresponding B-spline approzimations (mid column)
and the differences (right panels) for selected heights h = 225,250, 275,300 km at time t = 14 UT; data sets in [10°
electrons/cm?®]; see SCHMIDT ET AL. (2007b).
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Figure 3.4: a) height profile of the electron density in Bogota in Colombia; b) temporal profiles of the electron density
in Bogota for two heights h = 300 km and h = 325 km.

3.3.2 STEC model for GNSS observations
As introduced in equation (3.2) the GPS observation equation reads
P4(R, S, 1) = 1(R, 5,1) — §2(R, 5, 1) =
=a-STEC(R,S,t)+ Br + Bs + Br,s — e(R, S, t). (3.22)

The STEC is defined as the integral of the space and time-dependent electron density N (A, ¢, h,t) along the
ray-path between receiver R and satellite S, i.e.

S
STEC(R, S,t) = / N\, @, h, t)ds. (3.23)
R

Our aim is to calculate a correction term for the 4-dimensional electron density, hence we decompose N (A, @, h, t)
into a reference model Ny.r(\, ¢, h,t) (e.g. computed from the IRI) and a correction term AN (X, ¢, h,t), i.e.

N()\a (pv h’a t) - N’ref()\, (pv h’a t) + AN()\v (pv h’? t) (324)
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Inserting equation (3.24) in equation (3.23) yields
5
STEC(R, S,t) = STEC,¢(R, S,t) + / AN(X, @, h,t)ds (3.25)
R

wherein STEC,¢¢(R,S,t) = fg Nyer(A, ¢, h,t)ds is the approximate STEC value computed by means of the
given reference model Nyer(A, @, h,t).

To model the correction term AN (), ¢, h,t) we work regionally by an expansion in B-spline functions as in-
troduced in section 3.2.2. We could also work globally, e.g. by an expansion in spherical harmonics in com-
bination with empirical orthogonal functions (EOFs), but we will not discuss this here. For more details see,
e.g., SCHMIDT ET AL. (2007a) and SCHMIDT ET AL. (2007b) and the references therein.

In the following we work regionally and model the correction term with the 3-dimensional B-spline approach
ANy, 15.55(A, @, h, t) as introduced in equation (3.16), i.e

my; —1lmy,—1mj;—1

@Ir72:T3 4y @I,
ANpmsAesht) = >0 30 D dEin el e h) (3.26)
k1=0 ka=0 k3=0

with unknown coefficients dil’f’k‘h‘( t). Now we introduce the model (3.26) into equation (3.25) and obtain

mll Imy,—1myy—1
STEC), 1,.7,(R,S,t) = STEC,c4(R, S, t) +— ST DT dlnEEORNEER,S) (3.27)
k}l 0 k}g 0 ]i}g 0

wherein
J1,Ja,J S e
WL RS) = o [ ol e as (3.28)
Substituting the approach (3.27) into our observation equation (3.22) leads us to

¢4(R, S, t) — 5375 — - STECTef(R, S, t) + e(R, S, t) =

my,—1my,—1mys—1
=3 > > dlEEoREE®RS) + Br+ s (3.29)

k1=0 ko=0 ks=0
We set y(R, S, t) := ¢a(R, S, t) — Br,s — - STEC, (R, S, t) and rewrite equation (3.29) as

my;— 177112 1mj3—1

YRS ) +e(R,St)= > D > dlEE@ KNI (RS) + B+ Bs. (3.30)
k1=0 ko=0 k3=0
For the time-dependency of the coefficients dil’k‘]z’,‘c]?’ (t) we may perform a simple approach by stepwise functions.
For a given time interval [t4,tp) we define t; =t4 +i- AT, i =0,...,I, with I is the number of equally spaced
intervals of length AT = @ and let

1, ift; <t <t
xi(t) = o ren e (3.31)
, else.
We approximate dgi g;k‘];‘( ) by the step function ZI ! diiiﬁk’;” . Xi(t). Now we rewrite the observation equation
(3.30) as

my,—1my,—1mys—17-1

YRSt +e®R.St)= > S N SdlEb i) kR (R S) + Br + Bs. (3.32)
kl 0 kz 0 k'g 0 =0

The unknown terms are written on the right-hand side of the equation, i.e. the scaling coefficients dgiig,{;”z, and

the inter-frequency delays Br and Bg. For our simulation we suppose now the inter-frequency delays Br and (g
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are computable (they can be downloaded, e.g., from www.aiub-download.unibe.ch), i.e. we suppose these terms
to be known and bring them to the left hand-side of the equation. From now on we suppose y(R, S,t) to include
the inter-frequency delays and we will not consider them any more. As an alternative we can estimate these
parameters together with the B-spline scaling coefficients, but we will not perform this computation. Therefore
we can rewrite equation (3.32) as

y(R,S,t) +e(R, S, t) =

my,—1my,—1mys—17_1
k

J1,J2,J: J1,J2,Js
SN0 > dme () ki (R, S). (3.33)
ko=0 k3=0 =0

Equation (3.33) is the observation equation for estimating the unknown coefficients of the electron density B-
spline model.

1=0

Let Ry,..., R, be a selection of altogether n receiver positions. Figure 3.5 shows International GNSS (Global
Navigation Satellite Systems) Service (IGS) and regional GPS stations over Central and South America. And
let Si,...,Sm be a selection of altogether m satellite positions at a specified time t € [t;,t;11).

Our purpose is to estimate the my, - my, - my, coefficients dﬁ,{jkjsl, Ji,Jo,Js € No, ki = 0,...,my 1,
ka=0,...,my, —land k3 =0,...,my, — 1 for a fixed i € {0,...,I — 1} from the observation equation (3.33).

y(R17 Sla tlyl)
We assume the observation vector y = to be given for t5; € [ti,tiy1), K = 1,...,n and
y(Rn7 Sm; tn,m)

l=1,...,m. The value y(Ry, Si, tr;) means the observations for the ray-path from the satellite position S; to
the receiver position Ry at time ¢y ;.

Note, the receivers R;, i = 1,...,n may not be able to receive appropriate signals from all the satellite positions
Sj, j=1,...,m (e.g. the zenith angle! of the ray-path has to be less than 80°). Therefore the observation
vector y may not include all combinations of receivers and satellites and contains less or equal than n - m
observations.

With the observation vector y we can then establish a linear equation system corresponding to equation (3.33):

y(R1,S1,t1,1) e(R1,51,t1,1)
. + : _ KJ17J2>J3 i d%]1>J2=J3 (334)

y(Rna‘S’mutn,m) €(Rn, Smatn,m)

e(R1,51,t1,1)

wherein e = : is the observation error vector,
e(R’ﬂu Sm7 tn,m)
J1,J2,J3 J1,J2,J3
kO.,0,0 (R17 Sl) ce kal—1,m,72—1,m,73—1(R17 Sl)
K777 = : ; (3.35)
J1,J2,J3 J1,J2,J3
kO.,0,0 (Rn? Sm) e km,fl—1,m,]2—1,m,]3—1(R7“ Sm)
is the matrix wherein the integral values are saved.
!
Ji,J2,J3 J1,J2,J3 J1,J2,J3 1 . . 1 1 i
d; = |dooo - dMJl—l,mJZ—l,mJS—l;i is the (my, -my, -my,) x 1 B-spline scaling coefficient vector.
Hence our aim is to estimate the unknown B-spline scaling coefficient vector diJl"]2’J3.

We rewrite the linear equation system (3.34) in a short notation as

y+e=Kd (3.36)

IThe zenith angle is the angle between the zenith and the ray-path, e.g. for a vertical ray-path the zenith angle amounts 0°.
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satellite S satellite orbit
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ionosrphere

e
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receiver R

Figure 3.6: 2-dimensional problem in longitude and height. The dots indicate the centers Ak, , hiy) of the 2-dimensional
B-spline functions qﬁflﬁ The white dots belong to those B-splines that have non-zero entries in the observation equation.

wherein K = [KJ17J2»J3} and d = {d{lﬁh’h} . This leads us to the Gauss-Markov model analogous to equation
(2.96)

y + e = K d with covariance matrix D(y) = o3 P} ". (3.37)

The quantities 0)2, and Py are the unknown variance factor and the given positive definite weight matrix.

According to equation (2.97) the resulting normal equation system reads

(K'Py,K)d=K'P,y. (3.38)
Now the solvability of the Gauss-Markov model depends on the column rank of the matrix K (compare section
2.3.5).
Each scaling coefficient dgigg;’;”z is related to the corresponding scaling function qﬁiiﬁiz which has compact
support and is located around a center point P = (Ag,, @k, , hks ). Hence we can determine a coefficient only if
observations are given that have ray-paths penetrating the support of the corresponding scaling function (only
those coefficients have non-zero entries in the observation equation (3.34)). To be more specific, Figure 3.6
shows a 2-dimensional problem in longitude and height. The black and white dots indicate the center points
P = (\g,, hi,) of the 2-dimensional tensor product scaling functions. We see the ray-path between satellite S
and receiver R. As mentioned before only those coefficients where the ray-path penetrates the support of the
corresponding scaling function have non-zero entries in the observation equation (in the figure these are the

B-splines related to the white dots, in contrast the B-splines related to the black dots have zero entries in the
observation equation).

Since the input data, i.e. GPS observations, are generally scattered there may not all of the coefficients be
computable and we can exclude the corresponding addends in the observation equation (3.33). If there are only
few observations to compute a scaling coefficient we may introduce prior information in order to stabilize the
estimation process, i.e. to perform a kind of regularization.

For our simulation we will introduce prior information. As already mentioned in section 2.3.5 we explain here
how to introduce an additional linear model for the prior information.

/

With the prior information for the expectation vector E(d) = pq = |pug00 - and the

N /J'mJl —1my,—1my;—1
covariance matrix D(d) = 03 Pgl for the unknown B-spline scaling coefficients we can formulate the additional
linear model

pg +eqa =d with D(pg) = 03 P3" (3.39)
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wherein eq is the error vector of the prior information, o2 is the unknown variance factor and P4 is the given
positive definite weight matrix.

The combination of the two linear models (3.37) and (3.39) yields the extended Gauss-Markov model

[ifeeee(]))-

wherein I'is a (my, - my, - my,) X (my, - my, - my,) unit matrix and 0 are zero matrices with the appropriate
dimensions. Solving the combined Gauss-Markov model (3.40) with the least squares method yields us to the
extended normal equation

2 p-1
e oy Py 0

0 0(21 Pgl

Yy
Hq

N (3.40)

€d

( K'P,K+ — Pd) d= =K Pyy+— Pd La (3.41)
o2 o2
y y
2
or by multiplying equation (3.41) with U)Q, and introducing the so-called regularization parameter A\ = Z—§ we
get the extended normal equation N
(K'PyK+APq)d =K' Pyy+ APq gy (3.42)

for the unknown parameter vector d with the unknown variance components af, and afl. We will not explain

the derivation of the extended normal equation for the combined model but for more details see Kocn (2000).

Figure 3.7 gives an overview of the most important steps we have performed so far.

As mentioned before we can exclude the coefficients for which there are no observations in the support of the
corresponding scaling functions available. An alternative is to introduce prior information, i.e. to set the weight

. ; . Ju,Jo, .
of the prior information ju, k, .k, = 0 for those coefficients d; 1" * ; to infinity. However for numerical reasons
. . . Ju,Jo, .
we choose a high weight wg for those coefficients dkl’ki’k:' .; for which no observations are given in the support
J1,J2,J3

of the corresponding scaling function ¢; "> ", while for the other weights we may choose a value reciprocal to

the number My, i, k, of ray-paths penetrating the support of the corresponding scaling function qﬁiiiz,‘gj E.g.

we set

w0,0,0
Py = , (3.43)

Wy —1,mg,—1,mgy—1

wherein wy, g, ks = m if My, koks 7 0, and wy, ko ks = wo if My, ko ks =0, for k; =0,...,my, — 1 and
1 =1,2,3; c means an approprlate constant.

For solving the extended normal equation (3.42) we have to construct the matrlx K = K/1:72:73 a5 defined in
(3.35). Therefore we have to calculate the line integrals 1 k,;’ll ,;]22,;]3 R,S) fR ¢iii§k‘]:'( ©, h)ds (see equation
(3.28)). As mentioned in the introduction, we assume that the 10nosphere is a thick shell of electrons between
100 km and 1200 km height above the spherical Earth with radius R. and hence we do not integrate over the
whole line from R to S, but only from P; to P», the points where the ray-path leaves the ionosphere at 100 km
+R. and enters the ionosphere at 1200 km +R,. (the points P; and P, are shown in Figure 3.8). Below the
ionosphere there are in fact no electrons, hence we do not have to neglect anything. In the plasmasphere above
the ionosphere there are some variations of electron density but those we will neglect for our approach. The
location of the plasmasphere is shown in Figure 3.9. As mentioned before we will not consider the transmission
time and therefore we will perform the integration from P; to Ps.

Hence from now on we have
P
Liiddmosy= [ gm0 o) ds (3.44)
a k1,k2,k3 ’ - P k1,k2,k3 ) P : :
1

Note, for an evaluation of the B-splines we always have to work in longitude, latitude and height, hence
Py = (A1, ¢1,h1) and Po = (A2, 2, he). But for a parametrization of the line it is useful to consider the positions
in cartestian coordinates, then we straightforward find the parametrization. Therefore we set xp, = (z1, y1, 21)
and xp, = (z2, Y2, 22) to be the geocentric position vectors of the points P; and P, respectively, as introduced
in section 3.1.
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¢4(R, S’ t) = STEC(R’ 57 t) +ﬂR +/65 + ﬂR,S - B(R, S7 t)

STEC(R, S,t) = [5 N(\, ¢, h,t)ds

N()‘y ®s h, t) = N’raf(A7 ®s h, t) + AN(Ay ®s h, t)

STEC(R, S,t) = STEC,.;(R, S,t) + [5 AN(X, ¢, h, t)ds

A 4

¢4(R7 Sa t) -« STEC'ref(R7 S,t) - /gR,S +6(R’ Sa t) =« fg AN()‘v ®, hyt)ds + IBR + 55

=:y(R,S,t)

my =1 mj, =1 mys =1 J; . J5,J. J J J
ANJI,JQ,J?,()\? ®, h’t) = Zklzlo Zk2=20 st:?)o dki,k;,kg (t)‘ﬁki (/\)(Pk; (tp)%g (h)

,J2, _ S
Fil 203 (RS, 8) = a [ 67t (N3 (9)dps (h)ds

my =1 mj, =1 mys =1 j; J5,J J1,J2,J;
y(R, S,t) +e(R, S,t) = Zklzlo Zkzzzo stzso dkik;’kg’(t)kkll,k;ks(R7 S)+ Br + Bs

y +e=Kd with D(y) = 02P3" Mg +eq = d with D(pg) = oc3P;"

(d%K/PyK + O'%Pd) El = U%K/Pyy + O_%de,d
Yy d Yy d

Figure 3.7: Flowchart of the main steps.
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servation equation and
linear model of the prior
information (two Gauss-
Markov models) (equa-
tions (3.37) and (3.39))

resulting extended nor-
mal equation (equation
(3.41))
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Figure 3.8: Location of P1 and Pz>. The points P> and Pi are defined as the points where the ray-path enters and leaves
the ionosphere, respectively.

The transformation of the cartesian coordinates xp = (z,y, z) into spherical coordinates P = (A, , h) is given
with

u(xp) = u(x,y, z) = (arctan (%), arctan (W), Ve +y)2 + |z|2> ; (3.45)

see, e.g., DETTMERING (2003).
A B-spline ¢£Z§ka in our model is defined for spherical coordinates (A, ¢, h) but with (3.45) we can also
evaluate it for geocentric coordinates x, i.e. suppose P = (), ¢, h) is a point on the ray-path and xp = (,y, 2)

is the corresponding geocentric position vector, then it holds u(xp) = P and therefore
T, T, J. (o Tida,d
(bkikzk: (P)=( kikik:’ ou)(xp). (3.46)

With (b,ﬁ,{jkjs o u we have now defined the B-spline functions on the geocentric coordinates and therefore we

Earth's
rotation Detached

Georrufagnelsc f_ie.ld lines Plasma Region Or
rotate with Earth (e Plasma Tail

~4 Earth Radii ~8- 7 Earth Radil

Figure 3.9: Location of the ionosphere and the plasmasphere (www.windows.ucar.edu). The effect of the plasmasphere
on electromagnetic signals is estimated, e.g, by GARCIA-FERNANDEZ (200/).
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can evaluate the line integral in the geocentric coordinate system
1 le,J2-,Js R.S) = o J1,J2,J3 d 3.47
o k1,k2,k3( ,8) = (¢k1,k2,k3 u)(x)ds (3.47)
Xpl

wherein the line coordinates are given in geocentric coordinates.

To solve this line integral we now have to find a parametrization of the line from xp, to xp,. This parametrization
is given with

A T2 — T1

Yw)= |y | tw ||, 0Sw<1 (3.48)
Z1 zZ9 — 21

and

T2 — T

. .. dy

Y(w) = |ys —yy | whereiny = s (3.49)
zZo — 21

w is the line coordinate. Then we can perform the transformation of the line integral:

XP2
J1,J2,J: Jy,J. J .
[ttt onas = [ atitbaeen el
X

Py

/ Sl (u(y(@))) - V(w2 = @1)? + (2 — 1) + (2 — 21)° dw. (3.50)

To solve the integration we divide it into M subintegrals:

[ S ) VR e G e =

1/M
[ s e VR G P G

[ o) VE P T G T G Ay
k1 ko ks Y(w))) \/(552 1)?2+ (y2 —y1)% + (22 — z1)? dw
1/M

+ ...

1
[ ol @) =) (e i - e de
(M—1)/M

(3.51)

For our computations we approximate the integral by applying the Gauss-Legendre quadrature on each of
the subintegrals. Therefore we have to transform the intervals of integration [i/M, (i + 1)/M] to [—1,1],
i1=0,....,M—1.

Simulated numerical example

For our simulated numerical example we fix an area of consideration over Central and South America from
250° to 340° in longitude and from —60° to 30° in latitude, compare Figure 3.11. As mentioned before we
consider heights from 100 km to 1200 km above the Earth and for a fixed day we choose the time interval
[ti,tiv1) = [14,15) UT.

As mentioned before for our simulation we suppose the inter-frequency delays Br and Bg are computable. We
will not consider these terms for our simulation. Therefore we have to solve the linear equation system (3.36)

y+e=Kd (3.52)



3.3. Selected applications 65
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Figure 3.10: The receiver positions (left panel), the satellite orbits (mid panel) and the signal-paths for two selected
receivers R1 and Ra (right panel).

wherein y, e, K and d were defined before. Now we want to simulate an observation vector y. The observations
in the vector y have been defined as y(R, S,t) := ¢4(R, S,t) — Br,s — a- STEC, (R, S,t). For our simulation
we suppose Br s to be computable in a pre-processing step and it will not be considered any more, we set the
constant = 1 and gain

y(R, S, t) := ¢4(R, S, t) — STECyes(R, S, t). (3.53)

For the second term of the observation y(R, S,t), i.e. the reference model STEC,.;(R,S,t) we introduce here
a level (J1, J2, J3) = (3,3, 3) B-spline approximation STECS3 3 3(R, S, t) of STEC(R, S,t) computed from IRI.
To compute this approximation we use the level (3,3,3) coefficient vector d*3:3(t) computed in section 3.3.1
(compare equation (3.21)). We define the reference model STEC, .y = STEC533(R, S,t) = f: Ns33(.,t)ds as
the integral over the electron density approximation, i.e.

STEC,.;(R,S,t) = STECs33(R, S, t) = K**3(R, S) - d>*3(¢) (3.54)

wherein K333(R,S) = [kgzg’:g(}z’ S)... ki§§17m3717m371(}{, S)} and kzlgk?;kg (R,S), ki = 0,...,m3 — 1 for
i =1,2,3, is defined analogous to equation (3.28). For the first term of the observation y(R, S,t), i.e. ¢4(R,S,t)
we introduce STEC, 4 4(R, S, t) (computed analogous to equation (3.54)) and put some noise on this signal, i.e.
we add a normal distributed random value with mean value 0 and a fixed standard deviation. Then we have

simulated the observation vector y and can proceed in our simulation.

For our simulation we choose 34 receivers Ry, k = 1,...,34 and 69 satellite positions S;, I = 1,...,69, hence
we get altogether 34 - 69 = 2346 signal-paths. As mentioned before the signal-paths with a zenith angle larger

(R1, S1,t1,1)

than 80° cannot be used and have to be neglected and, thus 1676 signal-paths remain. ILe. :
(R34, S69, t34,69)

from now on means the 1676 x 1 vector. We will adopt this notation for all vector and matrix notations. The

receiver positions, the satellite orbits and the signal-paths for two selected receivers R; and Ry are shown in
Figure 3.10.

For all of these ray-path we calculate the simulated observation y(Ry, Si,t5,;) and we gain the 1676 x 1 obser-
y(R1,S1,t1,1)
vation vector y = :
y(R34, S69, 34,60)

We insert the vector y in the Gauss-Markov model (3.37) to model a correction term ASTEC , s, 1,(R, S, t)
of levels (J1, J2, J3) = (4,4,4) to our reference model STEC,;(R,S,t) = STEC333(R,S,t), i.e. we have to
estimate the (mg4 - my -my) x 1 =183 x 1 = 5832 x 1 coefficient vector d.
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We now have to solve the extended normal equation (3.42), i.e
(K'PyK+APq)d=K'Pyy+ APq gy (3.55)

wherein K is a 1676 x (mj, x mj, x my,) = 1676 x 5832 matrix as defined in equation (3.35), Py, is a given
positive definite 1676 x 1676 weight matrix and Pgq is a given positive definite 5832 x 5832 weight matrix.

Since the elements in our observation vector y represent noisy residual values (i.e. a noisy version of the
difference between our simulated measurements STEC(R, S,t) and a reference model STEC,.f(R,S,t)) we
assume the values in the observation vector to be located around 0. Therefore we assume for the expectation
vector of the coefficients E(d) = pg = 0 and rewrite equation (3.55) as

(K'Py,K+APq)d=K'P,y. (3.56)

To estimate the regularization parameter A we may apply a fast Monte-Carlo implementation of the itera-
tive maximum-likelihood Variance Component Estimation, for more details see KocH AND KuscHE (2001)
or SCHMIDT ET AL. (2007a). For our purpose we insert different values for A and choose the result with the
lowest rms values of the residuals (é = K d — y, see equation (3.52)).

For this simulation, however, we assume that all observations have the same weight, hence, we fix P, =1 to be
a 1676 x 1676 unit matrix. For the 5832 x 5832 weight matrix of the prior information P4 we apply the weight
matrix introduced in equation (3.43). Finally we have to solve the equation

(K'K+APgq)d=K'y. (3.57)
and can estimate the least squares solution for the coefficient vector d uniquely for an appropriate .

With the estimated coefficient vector d = d = d/"">7% of levels (Jy,.J2,J3) = (4,4,4) we can now calculate the

correction term A@Jl Jo,Js = ASTEC4 4,4 to our reference model STEC, s = STECS3 3 3.

The modeled correction term ASTEC'4 4,4 is calculated with the estimated coeflicient vector d via

ASTEC144(R, S,t) = |kygo(R,S) .. k) i1 (R, S)| - d for t € [ti tit). (3.58)
We can compare the values of the correction term ASTEC(R, S,t) = STEC(R, S,t) — STEC, (R, S,t) =
STEC444(R,S,t) — STEC333(R,S,t) (calculated by the coefficient vectors d***4(¢) and d®%3(t), which
have been estimated in section 3.3.1, analogous to equation (3.54)) with our approximated correction term
ASTEC444(R, S, t) (calculated by the estimated coefficient vector él) For that purpose we choose t = 14 UT.
Since we cannot visualize the values of the STEC for different positions in longitude and latitude of the receiver
R and satellite S we compute values for receiver positions Ry and satellite positions S with the same longitude
and latitude. The integration that is performed in the k,;’ll ,;]22‘];” (Rk, Sk) then represents an integration along a
vertical ray-path from receiver position Ry to satellite position Si; i.e. ASTEC = AVTEC.

To visualize the results of our computations we now lie a grid in longitude and latitude over our area of
consideration, e.g. a grid from [250°,340°] in longitude and [—60°,30°] in latitude with a 3° spacing in
longitude and latitude, i.e we have 31 receiver positions and 31 satellite positions and therefore we have

(R1,51)
altogether 961 grid points . For each of these points on the grid we now calculate the val-
(R31, S31)
AVTEC(Ry,51,t)
ues of AVTEC = and the values of the modeled correction term AV/TFCAMA =

AVTEC(Rs1, Sa1, 1)
AVTEC44(R1, 51,1

AVTEC47414(R31, 831, t)

Figure 3.11 shows the results. The left column shows the simulation as described before. The top left panel
shows AVT EC wherein AVTEC(Rk, Sy, t) = VTEC(Rk, Sy, t) — VTECTef (Rk, S, t) = VTEO41474(R]€, Sy, t) —
VTEC; 3 3(Ry, S}/,ﬁLi.e. our input data computed from IRI, the second left panel shows the estimated cor-
rection term AVTECY 44 computed for the levels (Ji, Jo, J3) = (54,\4) and the third left panel shows the
deviations between AVTEC and the estimated correction term AVT EC4 4 4; the rms value of the deviations
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1 0.889 | 0.919 | 0.453 | 1 0.990 | 0.991 | 0.421 |
0 0
10.583 | 0.993| 0.916 | 10.955 | 0.996 | 0.881 |
-20 = -20 =
o808 | 0993|0697 [ ™ 0939 | 0.995 0.534 [
-60 - ™ - -60 - ™ -
260 280 300 320 340 260 280 300 320 340

Figure 3.11: The top left (top right) panel shows our simulated residual AVI'EC(R,S,t) = VI EC444(R,S,t) —
VITECs33(R,S,t) (AVIEC(R,S,t) = VIECs33(R,S,t) — VI'EC2.22(R, S,t)), the second left (second right) panel
shows the estimated correction term AVTEC444 (AVTEng 3) and the third left (third right) panel shows the de-
viations; data sets in [ TECU |. The fourth left (fourth right) panel shows the correlations of AVIEC(R,S,t) and
AVTEC444(R S,t) (of AVTEC(R,S,t) and AVI'EC333(R,S,t)) on the subareas.
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a) height profiles
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Figure 3.12: Height profile of the electron density in Bogota in Colombia.

amounts 4.05 TECU (total electron content unit, 1 TECU = 106 electrons/m?). In order to prove that these
deviations are mainly due to the uneven data distribution (cf. Figure 3.10) we divide the area under consid-
eration into nine subareas and calculate the correlations between AVTEC and the estimated correction term
AVTEC4 44 within these subareas. The last left panel shows the results. The correlations are higher in the
areas where more observations are available and the correlations are lower in those areas where less observations
are available.

The panels in the second column shows the same calculations for lower levels.

With the estimated coefficient vector d and the reference model we can now compute a height profile of the
electron density, e.g. for Bogota in Colombia for a specified time ¢ € [t;,t;11). With equation (3.21) we compute
the electron density of our reference model Ny ;(X, ¢, t) = N3 3 3(\, ¢, t). With our estimated coefficient vector
d of levels (J1,Ja, J3) = (4,4,4) we compute a correctlon term to the electron density AN4,474(/\, ©, h,t) by

ma—1mg—1my—1

ANpaahe, i) = D0 >0 > dili i e Ao, h). (3.59)

k1=0 k2=0 k3=0

wherein diiﬁ,‘f .; are the coeflicients saved in the vector d. Figure 3.12 shows the electron density of our

reference model N373,3()\, @, h,t) (crosses) and the corrected version of the electron density Ns 3 3(A, ¢, h,t) +
ANy 44(N, @, h,t) (solid curve) for a fixed time ¢ at Bogota for discrete heights h with spacing 25 km. The rms
of the deviations amounts 0.029x [10¢/cm?].

Extension in 4 dimensions

In the 3-dimensional approach which we used for modeling the electron density we had to perform a discretization
dh’b J3

in time. The scaling coefficients d >’ (t) are dependent of the time ¢t. In order not to use a temporal
discretization we may introduce the 4 dlmensional B-spline approach for the electron density
my,—1lmy,—1my;—1my,—1
g2 s 4T J J J
ANQuo bty = 30 30 30 D0 divinicid 9N 95 (9) 9 () 61 (1), (3.60)
k1=0 ko=0 k3=0 ks=0
Substituting equation (3.60) instead of equation (3.26) in the observation equation (3.22) yields us to
m;l 1m]2 lm].g 1m]471
J1, T2y ds, s 1. d1, 2,
YR, S, t)+e(RSt)= > > > N divimllig (R, S) ¢l (t) + Br + Bs (3.61)
k1=0 ko=0 ks=0 ka=0
wherein k727 (R, S) = a i3 67725 (A, o, h)ds.
Here we chose a smooth function for modeling the time-dependency. On the other hand large linear equation
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systems have to be solved in order to estimate the my, - my, - mj, - mj, unknown 4-dimensional scaling coeffi-

J1,J2,J3,J4
cients d,€1 ke s Fog -

3.3.3 3-dimensional COSMIC VTEC modeling

As described in section 3.1.2 we can derive VTEC observations from COSMIC occultation measurements.

In our investigation the electron density was calculated in a pre-processing step from so-called compensated
STEC values by the improved Abel transform. This work was done by the group of Prof. Tsai; for more details
see TSAT AND TSAT (2004).

Consequently, we do not assume locally spherical symmetry within the ionosphere, but consider the effect of
large-scale horizontal gradients and/or inhomogeneous electron density distribution.

According to VT'ECcosyic = VI'ECy + VT EC, a VTEC observation consists of two parts, namely

e VTEC), the integration of the calculated electron density along the vertical from bottom to orbital height,
cf. equation (3.3).

e VTEC, an extrapolated model value for the range between orbital height and the top of the ionosphere
(L.-C. Tsai, personal communication).

Again we divide VI'EC(), ¢, t) into a reference model VT EC,..r(, ¢,t), here computed from IRI, and into a
correction term AVTEC (A, ¢,t), i.e. VIEC(\, ¢, t) = VITEC,cf(\, ¢,t) + AVTEC()A, ¢,t). We suppose to
have given COSMIC VTEC observations VI ECcosyirc (i, @i, ti) fori =1,..., M in a specified region. From
those observations we estimate a correction term AVTEC(A, ¢,t) to our reference model VI'EC,¢f(A, ¢, t).
For that purpose we establish the linear equation system

VTECcosmic(A1, ¢1,t1) e(A1,p1,t1) VT ECref(A1, p1,t1) AVTEC (A1, @1,t1)
: 4 = + (3.62)
VTECcosmic(Anv,pn,tar) e(An,on,tar) VT ECrer(Anm, o, tar) AVTEC(Aum, em,tar)
For the 3-dimensional correction term AVTEC(A, ¢,t) we apply our 3-dimensional B-spline model introduced

in section 3.2.2, i.e. we model AVTEC(\, ¢, t) with our B-spline approach (compare equation (3.16)), according
to

my,—1lmy,—1mjs—1

gl Ts 172,
AVIECsnan(Net) = 3 DL D dililis oilic (v et) (3.63)
k1=0 ka=0 k3=0

and therefore we can form a matrix equation for AVT'ECy, j, 5, (Ni, @i, ti), i =1,..., M,
J1,J2,d J1,Jd2,J
AVTEC, 15,05 (A1, 01, 1) (),10,()2 S(A,p1,t1) L ¢773]1271?m‘]271,m1371()‘179017tl)
: - : : A7 T2 (3.64)
J1,J2,J3 J1,J2,J3
AVTEC 55,55 (Ant, onrstar) 0,00 My oatar) o 1, 1 (A, o, Ear)

wherein d”1+72:73 is defined analogously to equation (3.13). Note, here the time is respected in the 3-dimensional
scaling function and therefore we do not have to perform a discretization of the time.
Inserting the series expansion for the correction term (3.64) into equation (3.62) yields

VTECcosmrc(A,pi1,t1) | e(A1,1,11)
: + ' -
VTECcosmrco(Am, e, tar)d Le(Anr, o, tar)
y M J1,Ja,J J1,Ja,J
VTEC,er(A1,¢1,t1) 000 AL t) e B 1, —1 (A1 @1, )
. + : : P CERRLIRE
Jl',']27l]3 (]1,(]2.,(]3
VTEOrej'()\M7<PM;tM)_ 1 90.0.0 (/\M;SOMth) (bm‘]l71,m,7271,m,7371()‘M7¢M7tM)

or in a short way

VTECCOSMIC +e= VTECTef + @,]17J2,,]3 . d,]17J2.,JS' (365)
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VTEC observation

r N

latitude

longitude

Figure 3.13: 2-dimensional problem in longitude and latitude. The dots correspond to the centers of the 2-dimensional
B-spline scaling functions d)iliﬁ The white dots indicate the centers of those B-splines that have non-zero entries in the

observation equation.

The short notations are defined as follows: ,
VTECcosmic = [VTECCOSMIC(/\L(Phtl) ---VTECCOSMJC()\M,soMﬂfM)} ;

I I
VTEC,.; = [VTECref()\laSOhtl) ---VTECref(/\]MNPMat]M)} ; € = {6(/\17%017751) e(/\MNPMatM)} and
&71:72:75 ig defined analogous to equation (3.15). From equation (3.65) we get the Gauss-Markov model analo-
gous to equation (2.96)

y+e=@®7727 . a7 with D(y) = o2 P! (3.66)

wherein y = VITECcosmric — VIEC, ¢, D(y) is the covariance matrix, 0)2, is the unknown variance factor
and Py is the positive definite weight matrix of dimension M x M. We solve the Gauss-Markov model analogous

to section 2.3.5 by the least squares method and get the normal equation
((@Jl,,lg,Jg)’Py ‘I,,Il,JQ.,Jg) a7 s = (@12 T8y Py, (3.67)

Ja,J3

The solvability of the model depends on the column rank of the matrix &7/t , for more details see section

2.3.5.

As already explained in section 3.3.2 the 3-dimensional B-spline scaling functions ¢ii£§k‘]§’ (A, , t) are related to

grid points (Mg, , Yk, , tks ) within the unit cube, k; =0,...,my, — 1, i = 1,2, 3 for fixed Jy, Jo and Js. For sim-
plification Figure 3.13 shows a 2-dimensional problem by neglecting the time-dependency. The white and black
dots indicate the centers (A, , ¢k, ) of the 2-dimensional B-spline scaling functions ¢iika§(/\v ) = (;S,Q (/\)¢i§ ()
in the longitude-latitude plane (unit square). Due to their compact support only B-splines related to the white
dots, have non-zero entries in the observation equation shown before. Thus, a scaling coefficient dgik‘g}g’j is com-
putable only if observations are given close to the peak of the corresponding scaling function. Hence, in case of
data gaps many scaling coefficients may not be calculable and the corresponding addends can be excluded from
the observation equation or there has to be introduced prior information to estimate these coefficients. If just
a few observations support the computation of a coefficient, we may also introduce prior information in order

to stabilize the estimation process, i.e. to perform a regularization.
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For our numerical investigations we chose a region over the American continent between 230° and 350° in
longitude and —60° and 60° in latitude (compare Figure 3.14) and have given altogether M = 752 observations
for July 21, 2006. As reference model VI'EC,c(\i, @i, t:), for i =1,..., M we choose IRI.

Since we can choose the levels for longitude, latitude and time independently we can adapt these values ap-
propriately to the data. In longitude there are for example less variations in the VI'EC' than in the latitude,
hence we may choose J; lower then J;. For the resolution levels Ji, Jo and Js we choose here J; = 3, Jo = 4
and J3 = 5 and have to solve equation (3.67) for altogether ms - my - mg = 34 - 18 - 10 = 6120 coefficients.
Since we have only M = 752 observations, the linear equation system (3.67) is singular. Hence we again have
to introduce prior information for the scaling coefficients to regularize the estimation process. l.e. we again
introduce the additional linear model (3.39) for the scaling coefficients.

As before we combine the two linear models (3.66) and (3.39) analogous to (3.40) and by solving the combined
Gauss-Markov model with the least squares method we get the extended normal equation

1 1 /
(03 (®717273) P, @71 2T 4 de)d 3(<1>J17Jw’3) Pyy+— Pdud (3.68)

As our observation vector y represents noisy residual values (i.e. the noisy difference VT EC(A, ¢)—
VTEC, ¢ (X, ¢)) again we suppose the values in y to be located around 0, hence we suppose the prior in-
formation for the coeflicients pyq = 0. Furthermore we assume the measurements have all the same weights
and therefore set Py = I wherein I is a 752 x 752 unit matrix. Note, the coefficients corresponding to scaling
functions for which no observations are available in the support (compare Figure 3.13) shall be excluded from
the estimation. As mentioned before an alternative is to set the weights wy, , .k, of the prior information
Iky ko, ks = O for these coefficients to infinity. However for numerical reasons we here again choose a high weight
wo > 0 for these coefficients. While we introduce a lower weight wi > 0 (wy > wq) for those coefficients where
at least one measurement is given that lies in the support of the corresponding scaling function, i.e. we set the

w0,0,0
(m3 - my - ms) X (Mg - myg - ms) = 6120 x 6120 matrix Pgq = , to be a diagonal

Wms—1, ymga—1ms—1
matrix, where the elements on the diagonal wg, k, ks € {wo, w1}, ki = 1,...,my, — 1 and i = 1, 2,3 depending
on the existence of observations in the support of the corresponding scaling function (b,ﬁ ]gj g;

Finally we solve the equation

((‘I’Jl"']2"]3)/ '~I>JI’J2"']3 + )\Pd) & — ((I>Jl,J2.,Jg)I y (369)

2

wherein A\ = Z—Z is again the unknown regularization parameter, cf. equation (3.68). As mentioned before we
can estimate the regularization parameter with a fast Monte-Carlo implementation of the iterative maximum-
likelihood Variance Component Estimation. But for our computations we calculated the solution for various
values of A and chose the solutions for which the rms value of the deviations of the residuals is the lowest. From
the extended normal equation (3.69) we now estimate the unique least squares solution d= ds 4 5 and therefore
can compute the approximated correction term AVTEC j, 5, 7, (A, ¢, h) for the fixed levels (Jy, Jo, J3) = (3,4, 5)
via equation (3.63).

The panels in Figure 3.14 show 24 selected "snapshots” of residual VIEC estimations (i.e. AV/T\EC'37475)
between 8:00 and 19:30 UT. The values were computed for a 2° grid in longitude and latitude with the formulas

10—-118—-134—-1

AVTEC3 45( Z Z Z dszi ke Oy (A) OF, (0) B, (). (3.70)

k1=0 ko=0 k3=0

The observations used for the computation of the coefficients corresponding to the B-splines that are non-zero
at time ¢t = {8 : 00, 8 : 30,...,19 : 30} UT are shown in the panels 3.15, i.e. these coefficients have influence
on the computation of the corresponding correction terms shown in the panels of Figure 3.14. Corrections can
only be estimated in regions where observations are available.
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10:30

Figure 3.14: ”Snapshots” of residual VTEC estimations between 8:00

08:00 08:30 09:00 09:30
Lol ] ]
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Figure 3.15: Observations that have influence on the computation of the corresponding residuals in Figure 3.14.
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a) IRl model b) COSMIC estimation

T e
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Figure 3.16: a) VTEC model data from IRI for July 21st, 14:00 UT; b) sum of the IRI input model (panel a)) and the
residual VTEC estimation computed from equation (3.63); data sets in [ TECU ].

Figure 3.16 compares the VTEC data from IRI (i.e. VTEC,ey = VT ECtgr) and the COSMIC estimation (i.e.
VTECrr + AVTEC']I)JQ)JS).

As mentioned in chapter 2.3.5 the MSA based on wavelet decomposition is an effective tool for data compres-
sion or data reduction. With the decomposition relations (2.111) to (2.126), which have to be adapted to the
3-dimensional model, we can decompose the estimated scaling coefficient vector d = dg4 5 into the scaling
coefficient vector of the lowest levels, i.e. doo,0 and the corresponding detail coefficient vectors ¢y’s 4, €1’y 3,
0’195 €001 and g% o, wherein vy =7 = 23 — 1 corresponds to the coefficients for which we decrease the levels
in all 3 d1mens1ons vy = 3 = 22 — 1 corresponds to the coefficients for which we decrease the levels only in
2 dimensions and v3 = 1 = 2! — 1 corresponds to the coefficients for which we decrease the level in only 1
dimension (Note, the decomposition relations analogous to (2.111) to (2.126) apply to the steps from levels
(3,4,5) to levels (2,3,4), to levels (1,2,3) and to levels (0,1, 2); for the steps (0,1,2) to (0,0,1) and to (0,0,0)
we have to construct decomposition relations analogous to equation (2.132). For the reconstruction relations
we will have to work analogously but will not discuss this concept.). Figure 3.17 visualizes the decomposition of
the coeflicients: we start with the coefficient vector ds 4 5 and compute stepwise the coefficient vectors of lower
levels. For the reconstruction we only have to save the coefficient vectors do0,0, €4 .15 €51,2, €123 and ¢5 3 4
for the corresponding values of v.

Now we can apply the data compression algorithm as introduced in chapter 2.3.5. The coefficient vectors €f g g,
€0,0,15 €p,1,2) C1 2,3 and €y 3 4 are the compressed versions of the detail coefficient vectors wherein we neglect
those coefficients in the detail coefficient vectors whose absolute values are lower than a specified threshold
€ > 0. Therefore the compressed version of the detail coefficients do not contain the non-significant structures.
With the reconstruction relation (2.131), which has to be adapted to the 3-dimensional model, we can now
perform a reconstruction of the scaling coefficient vector ds4,5. The reconstruction algorithm is visualized in
Figure 3.18. In the left panel we insert the coefficient vectors do 0,0, €f 0.0, €60,1» €0.1,2 €1,2,3 and ¢4 5 4 (com-
puted with the decomposition algorithm) into the reconstruction relation and derive the exact coefficient vector
ds3 45 while in the right panel we insert the compressed versions of the detail coefficient vectors (do,o,0, c0 0.0
€0.0.1» € 1.2, €1 23 and Ty 3 4) and derive a compressed version of the coefficient vector d3 5.

Note from now on for simplification we omit the hat in the notations of the estimated correction terms and in
the following always write AVIT'ECs5 45 instead of AVTEC’g 45

Via the coefficient vector ds 4 5 the approximated correction term AVT EC' 4 5 is defined and via the coefficient
vector 53)475 the compressed version of the approximated correction term AVTEC3 45 is defined, the two
signals AVTEC3 45 and AVTEC3 45 only differ in the non-significant structures which have been neglected
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f3,4,5 - d3.4,5

AN

dosa  Chsy — G534, V=1,...,7
N

dias3 Cloz — 911/,2,37 v=1,...,7
N

d0,172 €012 _>g(lJ/,1,27 v=1,...,7
N

doo1  <hon — 9601, ¥=1,...,3
N

do,0,0 Coo0 — 96,0,07 v=1

Figure 3.17: Decomposition algorithm for the coefficients.

in AVI'EC3 45. We can decompose the approximations

1 3 7 7 7
AVTECs 45 =AVTECy 0,0 + Z 90,00 Z 90,01 + Z g2t Z 923+ Z 93,34 (3.71)
v=1 v=1 v=1 v=1 v=1
and
1 3 7 7 7
AVTECs45 = AVTECo00+ Y G600+ D Gooa+ D To12+ Y Gios+ Y Tosa (3.72)
v=1 v=1 v=1 v=1 v=1

We show the results of the data compression. Since the data compression algorithm does not affect the scaling
coefficient vector dg 0 we do not have to take into account the part AVT'ECy 9,0 in (3.71) and (3.72), therefore
we consider the signals AVI'ECs 45— AVIT'EC) 0,0 and AVI'ECs 45— AVTEC) 0,0, i.e. the sums of the detail
signals in (3.71) and (3.72). The detail signals g o o, 96.0.1> 96.1.2) 97.2.3 and g5 3 4 and the compressed detail
signals gg o 0s 960,15 96.1,2> 91,23 and g5 5 4 are represented by the coefficient vectors €0.0,05 €0,0,1» €0.1,25 €1 2,3 and
c5 5 4 and the compressed coefficient vectors € o, €715 €,1,2, €1,2,3 and €5 3 4, respectively. The coefficient
vectors contain altogether ms - my - m3 — mg - mg - mo = 6120 — 27 = 6093 detail coefficients. The compressed
coefficient vectors contain altogether ms - my - ms — mg - mg - mg — ne = 6120 — 27 — n, detail coefficients,
wherein n. is the number of coefficients that have been neglected. Therefore we here define the compression
rate p := L = == . Note, as we do not take into account the smoothed signal fy .0, we do

. ms-ma-mz—mg-mo-mo__ 6093°
not take into account the scaling coefficient vector dg 0.

In Figure 3.19 there are shown the signals AVI'ECs 45 — AVTECy 0,0 and AVTEC3 45 — AVI'EC) 0, i.e.
Panel a) in the first row shows AVTECs 45 — AVTEC) 0,0 based on 6093 detail coefficients. Panel b) in the
first row visualizes the result AVI'EC3 45 — AVTECy 0,0 after neglecting 4833 wavelet coefficients (threshold
e = 0.2), i.e. the compression rate amounts p = % = 79%. Panel c) shows the differences between panel a)

and b); the rms value of the deviations amounts 0.749 TECU. The panels in the second row show the results
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Figure 3.18: Reconstruction algorithm for the exact reconstruction and for a compressed reconstruction.

threshold e 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2
neglected coeff. 2491 3258 3715 4052 4314 4523 4690 4833
compression rate | 40.9% | 53.5% | 61.0% | 66.5% | 70.8% | 74.2% | 77.0% | 79.3%
rms 0.217 0.358 0.419 0.454 0.550 0.626 0.644 0.749
correlation 0.994 0.983 0.977 0.973 0.960 0.949 0.947 0.931
threshold e 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6
neglected coeff. 5087 5222 5373 5477 5565 5634 5690 5738
compression rate | 83.5% | 85.7% | 88.2% | 89.9% | 91.3% | 92.5% | 93.4% | 94.2%
rms 0.918 1.084 1.062 1.083 1.037 1.064 1.071 1.092
correlation 0.899 0.865 0.867 0.870 0.872 0.870 0.869 0.860

Table 3.1: Results of the data compression: number of neglected coefficients, compression rate, rms values of the
deviations and correlations for different thresholds € > 0. The rms values and the correlation refer to the estimation
based on 6093 coefficients and the compressed estimation.

after neglecting 4052 coefficients (threshold € = 0.1). The rms values of the deviations and the correlations can

be depicted from Table 3.1.

We have to make a trade-off between compression rate and rms value of the deviations and correlation. I.e if

we want to derive a high compression rate we have higher rms values of the deviations and lower correlations.
If we compute the rms value of the input data, we may choose, for instance, one third of the rms value as
threshold for the rms value of the deviation (AVTEC3 45 — AVI'EC3 45). Table 3.1 shows the results of the
data compression for different thresholds e.
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a) COSMIC estimation b) data compression € =0.2 c¢) difference

a) COSMIC estimation
! L1

Figure 3.19: a) COSMIC estimation based on 6093 coefficients; b) estimation after applying the data compression
algorithm for thresholds € = 0.2 and € = 0.1; ¢) deviations; data sets in [ TECU |.

By applying more flexible algorithms for data compression we may gain better results for the compressed signals.
E.g. we may not use a fixed threshold e for all coefficient vectors, but use different thresholds € 0,0, €0,0,1, €0,1,2,
€1,2,3 and €234 > 0 for the different levels. Here we neglect the coefficients in cg  , with absolute value lower
then €9,0,0, we neglect the coefficients in cg , ; with absolute value lower than €g,0,1, and so on. It is reasonable to
use larger thresholds €y, s, s, for higher levels (J1, J2, J3), since for high (.J1, Ja, J3) the spaces Vy, s,,7, contain
small structures and therefore we can neglect more coefficients.

To compare the results with the before applied data compression algorithm, we fixed an ez 34 > 0, and set
€1,2,3 = %62)374, €0,1,2 = %62)374, €0,0,1 = %6273)4 and €0,0,0 = % €2,3.4- We fix €234 = 0.45 and neglect altogether
5344 coefficients (i.e. compression rate 87.7%) the rms value of the deviations amounts 0.714 TECU and the
correlation amounts 0.934. Now we can compare these values with the values in Table 3.1 and see that for
the columns in the table corresponding to € = 0.2,0.25 and 0.3 there were less coefficients neglected, but
the corresponding rms values of the deviations are higher and the correlation are lower. A data compression
algorithm for which we can choose various thresholds for the different levels, therefore yields a more effective
tool for data compression.

3.4 Combinations

The unknown B-spline scaling coefficients can be estimated from the combination of different observation types
including altimetry and terrestrial measurements. For each of the different observation types it is possible to
derive an observation equation for estimating the unknowns of the electron density B-spline model within a
specific region. We suppose to have altogether p observation techniques. For each of the different techniques we
have an observation vector y;, i = 1,...,p, e.g. y; may contain all reduced GNSS geometry-free observations
y(R, S,t) (compare equation (3.30)) measured from ground stations within our specified region. Hence, for each
observation vector y; we can establish a Gauss-Markov model

yi + e = A; B with D(y;) = 02 P! (3.73)

Yi© Yi
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wherein af,

. is the unknown variance factor and Py, is the given positive definite weight matrix. The vector 3
consists of the unknown B-spline scaling coefficients and other auxiliary parameters.

The combination of the p models yields the combined Gauss-Markov model

P,10...0 0...0 0

y1 €1 A Y1 0 . .
A e ol B B I e L7 P (3.74)

Do : 0...0 O

Yol  Le Ap Yp 0 0...0 0...0P5!

o Yp

for the unknown parameter vector 8 with unknown variance components a .. According to equation (2.97) the
corresponding normal equation system reads

P
1
(Z U—2A§PyiAi> 8= Z —A’ P,.yi. (3.75)

i=1 Y

To stabilize the estimation of the coefficient vector 8 we may have to introduce prior information, i.e. we
introduce an additional linear model for the prior information analogous to (3.39) in section 3.3.2. Then we
combine the models (3.74) and (3.39) and by solving the combined Gauss-Markov model with the least squares
method we get the extended normal equation

P
1 1
(Z o2 A; Py, Ai+— PB) ﬁ Z 2 A/ Py yi+ ) Pspugs, (3.76)

i=1 Yi Yi B8

for more details see e.g. KocH (2000).

The intention is to apply this combined model to the different observation types introduced in the sections 3.1.1,
3.1.2, 3.1.3 and 3.1.4. The different observation types have various advantages and disadvantages and with the
combination of the different types the advantages of one type can be used to balance the disadvantages of
another type. The different types may have different accuracies, therefore we consider different variance factors
oy, and we may introduce weight matrices Py, with higher weights for the observations with high accuracy,
while we may introduce lower weights for the observations with low accuracy. It is reasonable to consider
combinations of different observation types, because, e.g., the GPS observations lie predominantely above the
continent while altimetry yields observations above the sea, hence, the combination yields observations, both,
above the sea and above the continent. From all different observation types some information can be used,
different weights can be introduced to handle different accuracies of the observation types.
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Chapter 4

Summary and conclusions

The first part of this report dealt with the derivation of the B-spline approach. In the section 2.1 we intro-
duced the theory of a MSA in general but for the 1-dimensional case, i.e. we defined the scaling and detail
spaces, introduced the scaling functions and the wavelets and established the two-scale relations. With the
concept of a MSA we can decompose a signal in its low-frequency part and the corresponding detail signals.
These signals are defined via coefficient vectors. The concept of a MSA leads us to a data compression technique.

In the next step we gave the definition of B-splines and some properties of these functions. Then we applied the
theory of MSA to the B-splines, i.e. for the scaling functions we used B-splines and constructed semiorthogonal
wavelet functions. With the two-scale coefficients we derived the decomposition and reconstruction relations
for the B-spline model. The data compression algorithm can be applied and we can diminish the storage space
of the signals. The 1-dimensional B-spline approach was extended via tensor product B-splines and wavelets
to the multi-dimensional case, i.e. we established multi-dimensional approaches to model multi-dimensional
signals. This way features like the equatorial anomaly and data gaps can be handled appropriately.

In section 2.4 we demonstrated how the multi-dimensional approaches, i.e. multi-dimensional series expansions
in terms of the localizing base functions can be applied to ionospheric signals. The derived multi-dimensional
B-spline approaches are based on Cartesian theory and therefore restricted to regional areas. In our first ap-
plication we modeled the electron density from IRI by a 3-dimensional B-spline approach over Central and
South America. From the electron density values we estimated a regional model of the electron density. The
estimation of the scaling coefficients was performed by the least squares method. In the second application
we simulated GPS observations to model the STEC by a 3-dimensional B-spline approach. Our intention was
to estimate corrections to a reference model (IRI) from GPS observations. Here we introduced an additional
linear model for the prior information of the coefficients and established a combined Gauss-Markov model. The
combined model was solved with the least squares method with an appropriate regularization parameter. The
third application treats 3-dimensional COSMIC VTEC observations. Again we estimated a correction term to
the reference model (IRI). For this approach we present an application of the data compression algorithm: we
performed the data compression for the correction term, i.e. we decomposed the modeled correction term into
its low-frequency part and the corresponding detail signal and neglected the non-significant structures from the
detail signals. The data compression is an important tool to handle huge amounts of observations.

We have seen that the multi-dimensional B-spline approach yields good results for regional observations; with an
appropriate number of observations in a specified region we can estimate the unknown parameters. We achieved
satisfying results for modeling signals of the electron density from IRI observations, the STEC from simulated
GPS observations and the VITEC from COSMIC observations. The approach can therefore be compared with
other techniches such as tomography. To extend our approach to global investigations we can introduce trigono-
metric B-spline functions (see LYCHE AND SCHUMAKER (2001)) or spherical harmonics (see SCHMIDT ET AL.
(2007a)) and work with tensor product functions. Therefore the approach can also be applied to phenomena
that have to be investigated globally. In order to take into account the height structure of the electron density
we may introduce Chapman functions for the scaling functions with respect to the height (see, e.g., FELTENS
(1998)).

Future work may focus on the combination of GNSS, COSMIC and altimetry measurements. This way we
want to use information of all these different observation types to model the correction term. With different
variance factors we can control the strength of the influence of the different observation types on the corrections.
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Figure 4.1: Lowell Digisonde network; see hitp://ulcar.uml.edu.

With the combined model we can improve the corrections, i.e. we take advantage of the various properties (e.g.
localization, accuracy) of the different observation types.

A validation of the estimated corrections, may be performed by using terrestrial observations from ionosondes,
i.e. we can use electron density profiles derived from ionosondes for a validation. Figure 4.1 shows exemplary
the Lowell Digisonde networks. In South America there are, e.g., 7 digisondes.
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Appendix A

L’-theory of Fourier-series

We adopted the theory from www.mathematik.uni-muenchen.de/~lerdos/WS06/FA.

Theorem A.1. We define e, (x) = iﬁ’ n € 7.
{en}nez is an ONB in L*([0,27]).

Then we can define

Definition A.2. For a function f € L*([0,27]) we define

2 )
776 mx

Cn = (€n, =) = —— f(ax)dx forn € Z
(ens f)r2(j0,27]) | \/%f() [

these are the Fourier-coefficients of f.

Theorem A.3. Given a function f € L*([0,2n]). Applying general basis decomposition we get the Fourier

series of f
f= Z Cnén.
ne

And Parsevals identity holds

I £l 2(j0,27)) = Z |Cn|2-

nez

(A.2)
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Appendix B

Fourier transform in R"

The theory can be found in www.mathematik.uni-muenchen.de/~lerdos/WS06/FA.
Definition B.1. Let f € L*(R"™), then its Fourier-transform is defined as

1
- 27Tn/2

(k) jge-%kwf(x)dx (B.1)

In the exponent we have kx = k- x scalar product of two n-vectors, but for simplicity we will just write it as kx.

Definition B.2. The convolution of two functions f and g on R™ is defined as

(fxg)x)= [ fly)g(z—y)dy. (B.2)

R

Note, it makes only sense for nice f and g (e.g. bounded, fastly decaying) then it holds fxg = g« f. In general
if f, g are in some LP(R™) spaces then f * g may be meaningless.

Theorem B.3. (i) Let f,g € L'(R"), then

(F*g9) = @m)"2 3. (B.3)

(i) [Translation]

f-=h)=e ™ f(k). (B.4)
(ii) [Scaling]

FCIN = A" F k). (B.5)
Theorem B.4. Let f € L'(R) N L?(R). Then

o feL*R) and
£l 2y = 1f 12wy (B.6)
also called Plancherel formula, similar to Parseval identity for Fourier-series.

o If f.g € L*(R), then

(f,9)12) = (f, 02w (B.7)

Le. the Fourier transform is an isometry on L*(R).
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Appendix C

Endpoint-interpolating quadratic B-spline
wavelets

The matrices Q; introduced in (2.3.3) are not unique. For the determination there have to be introduced
further constraints. We have not computed the matrices but we use the matrices computed in STOLLNITZ ET
AL. (1995). These are given with

[ —4283.828550 |
5208.746077 780
—144 —3099.909150 —1949  —11
-2 177 21 1300.002166 3481 319
Q= 5 3 Qs = [ 3 |-109 -53 Q3:/ 1 —253.384964 —3362 —1618  —8.737413
41-3 4936 53 109 713568 8.737413 1618 3362  253.384964
2 —21 —177 —319 —3481 —1300.002166
144 11 1949  3099.909150
—780 —5208.746077
L 4283.828550 |
[ —381.872771 i
464.322574  69.531439
—276.334798 —173.739454 —1
115.885924  310.306330 29
—22.587463 —299.698329 —147 —1
0.778878 144.233164 303 29
—28.436576 —303 —147
Y 0.980572 147 303 -1
Qj24:\/m —29 —303 . 29
1 147 —147  —0.980572
—29 303 28.436576
1 —303 —144.233164  —0.778878
147  299.698329  22.587463
—29 —310.306330 —115.885924
1 173.739454 276.334798
—69.531439 —464.322574
L 381.872771 |

The Figure C.1 shows the resulting wavelets for level j = 3.



83

value
o
A

o
-

value
o
T

o
-

value
o
A

o
-

value
o
T

o
-

value
o
— T

value
o
T

value
o
— T

value
o
T

0.0 0.2 0.4 0.6 0.8 1.0
variable x

Figure C.1: Wavelets for level j = 3. The first and last two are affected by the endpoint interpolation. For the level
j = 3 we have altogether n; = 8 wavelets.
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Appendix D

Statistical quantities

€ Y1

In this section we consider two vectors x = | : | and y =
Ln Yn

Definition D.1. The mean value T of a vector x is defined as

R S Y (D.1)
n
Definition D.2. The root mean square (rms) of a vector x is defined as
2 4. ..+ 22
rms =/ ——=%. (D.2)
n
Definition D.3. The correlation between the two vectors x and y, i.e. Cor(x,y) is defined via
1
T, —T
COT X y Zz 1( T )(yl y) (D3)

\/ Y iy (2 = T)? \/le _)

wherein T and § are the mean values of x and y, respectively.
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